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Introduction:

This document is a (work in progress) collection of comprehensive solutions to the exercises in Nielsen and
Chuang's “Quantum Computation and Quantum Information”. Each solution has the involved concepts (and
hence rough pre-requisite knowledge) necessary for the problem in addition to the solution. Some problems may
contain additional remarks about implications. Any problems denoted as (Research) are left as exercises to the
reader. Starred exercises are considered to be more difficult (difficulty is assumed for the problems at the end of
the chapter).
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1 Introduction and overview

Exercise 1.1: Probabilistic Classical Algorithm

Suppose that the problem is not to distinguish between the constant and balanced functions with certainty,
but rather, with some probability of error e < 1/2. What is the performance of the best classical algorithm
for this problem?

Solution

Concepts Involved: Deutsch’s Problem, Probability.

Recall that a Boolean function f : {0,1}™ — {0,1} is said to be balanced if f(x) = 1 for exactly half of
all possible 2™ values of x.

A single evaluation tells us no information about whether f is constant or balanced, so our success
rate/error rate after a single evaluation is € = % (random guessing!). Therefore, consider the case where
we do two evaluations. If we obtain two different results, then we immediately conclude that f is balanced.
Suppose instead that we obtain two results that are the same. If f is balanced, then the probably that
the first evaluation returns the given result is % and the probability that the second evaluation returns
the same result is 2;{2:11 (as there are 2"/2 of each result of 0 and 1, 2™ total results, 2" /2 — 1 of the
given result left after the first evaluation, and 2™ — 1 total uninvestigated cases after the first evaluation).

Therefore, if f is balanced, this occurs with probability % . 2;{2__11 which we can see is less than % as:

2n/2 -1 12"/2 -1
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1
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Hence, if we get the same result in two evaluations, we can conclude that f is constant with error e < %
We conclude that only 2 evaluations are required for this algorithm. O

Exercise 1.2

Explain how a device which, upon input of one of two non-orthogonal quantum states ) or |¢) correctly
identified the state, could be used to build a device which cloned the states [¢) and |¢), in violation
of the no-cloning theorem. Conversely, explain how a device for cloning could be used to distinguish
non-orthogonal quantum states.

Concepts Involved: Quantum Distinguishability, Quantum Measurement.

Given access to a device which can distinguish non-orthogonal quantum states [¢), |¢) (without mea-
surement), we can then design a quantum circuit that would map |¢) — |p) (or vise versa), allowing us
to clone the states as we like.

Conversely, given a cloning device, we could clone [¢)) and |p) an arbitrary number of times. Then,
performing repeated measurements of the two states in different measurement bases, we would (given
enough measurements) be able to distinguish the two states based on the measurement statistics (there
will of course be some error € based on probabilistic considerations, but given that we have access to as
many measurements of the states as we like, we are able to make this error arbitrarily low). O




Problem 1.1: (Feynman-Gates conversation)

Construct a friendly imaginary discussion of about 2000 words between Bill Gates and Richard Feynman,
set in the present, on the future of computation (Comment: You might like to try waiting until you've
heard the rest of the book before attempting this question. See ‘History and further reading’ below for
pointers to one possible answer for this question).

Problem 1.2

What is the most significant discovery yet made in quantum computation and quantum information? Write
an essay of about 2000 words to an educated lay audience about the discovery (Comment: As for the
previous problem, you might like to try waiting until you've read the rest of the book before attempting

this question.)




2 Introduction to quantum mechanics

Exercise 2.1: Linear dependence: example

Show that (1,—1), (1,2) and (2,1) are linearly dependent.

Concepts Involved: Linear Algebra, Linear Independence/Dependence.

bl E [

showing that the three vectors are linearly dependent by definition. Alternatively, we can apply theorem
that states that for any vector space V with dim V' = n, any list of m > n vectors in V' will be linearly
dependent (here, V = R?,n =2,m = 3). O

We observe that:

Exercise 2.2: Matrix representations: example

Suppose V is a vector space with basis vectors |0) and |1), and A is a linear operator from V to V such
that A|0) = |1) and A1) = |0). Give a matrix representation for A, with respect to the input basis
|0), |1), and the output basis |0), |1). Find input and output bases which give rise to a different matrix
representation of A.

Concepts Involved: Linear Algebra, Matrix Representation of Operators.

Identifying |0) = Ll)] and |1) & [ﬂ , we have that:

A=
a1p ail

oo CL01‘|

Using the given relations, we have that:

o apo Aol 1 . 1 0 . o
A |O> =0 |O> +1 |1> — |‘a10 all] L;| =0 0 +1 1 = agp = 0,a01 =1
ago @o1| |0 1 0
Ally=1 1 = I =1 =
D 0) +0]1) = |ft10 a11] [1] 0 0 1 = %10 van =0

Therefore with respect to the input basis { |0), [1)} and output basis { |0), [1)}, A has matrix represen-




tation:

(o] (1]
~ |0 0 1
A= 1) 1 0
Suppose we instead choose the input and output basis to be { |+) = %, |-) = |O>\;§|1> } Identifying
|+) = 0] and |-) [1] , we have:
A= |%t a+]
a_4 a_ _
Using the linearity of A, we have that:
AlH) = == A(0) + 1)) = —=(A]0) + A[1)) = —=(11) +10)) = [
V2 V2 V2
and:
Al=) = == A(10) = 1)) = —=(A4]0) - A[1) = —=(11) — [0)) = = |-)
= \/ﬁ — \/§ - \/§ - b
which can be used to determine the matrix elements:
Ay =11 +000) = [+ | o1 10l = apr=Las_=0
B a_y a__||0] |0 1 LA
N . _ a4 4 ay 0 o 1 . 0 o _
Al =01~ 1) = la—+ ] H o M 1 H S

Therefore with respect to the input basis { |+), |[=)} and output basis { [+), |-)}, A has matrix repre-
sentation:

Remark: If we choose the input and output bases to be different, we can even represent the A operator
as an identity matrix. Specifically, if the input basis to be chosen to be {|0), |1)} and output basis as
{[1),|0)}, the matrix representation of A looks like:

11 o
AM].




Exercise 2.3: Matrix representation for operator products

Suppose A is a linear operator from vector space V' to vector space W, and B is a linear operator from
vector space W to vector space X. Let |v;), |w;), |xr) be bases for the vector spaces V,W and X
respectively. Show that the matrix representation for the linear transformation BA is the matrix product
of the matrix representations for B and A, with respect to the appropriate bases.

Concepts Involved: Linear Algebra, Matrix Representation of Operators.

Taking the matrix of representations of A and B to the appropriate bases |v;), wj> ,|zk) of VW and

X, we have that:

Alv)) = Ay lwi), Blw) = Bpilzx)
) k

Hence, looking at BA : V +— X, we have that:

BA|vj) = B(Alv;))
= ZAijB |w1>

=> Ay [ D Builzx)
5 K

=> "> Bridi|zx)
ki

= (BA); |zk)
P

which shows that the matrix representation of BA is indeed the matrix product of the representations of
B and A. O

Exercise 2.4: Matrix representation for identity

Show that the identity operator on a vector space V has a matrix representation which is one along the
diagonal and zero everywhere else, if the matrix is taken with respect to the same input and output bases.
This matrix is known as the identity matrix.

Concepts Involved: Linear Algebra, Matrix Representation of Operators.

Let V be a vector space and |v;) be a basis of V. Let A: V — V be a linear operator, and let its matrix
representation taken to be respect to |v;) as the input and output basis. We then have that for each




ie{l,...,n}:

Alv;) = 1fv;) + ) Olvy) = Z&jlvﬁ

J#L

From which we obtain that A has the matrix representation:

100 --- 0
0 1 0
A~ 10 0 1 0
00 0 1

Exercise 2.5

Verify that (-,-) just defined is an inner product on C™.

Solution

Concepts Involved: Linear Algebra, Inner Products.
Recall that on C", (-,-) was defined as:

21

Zn

Furthermore, recall the three conditions for the function (-,-) : V' x V +— C to be considered an inner
product:

(1) (-,-) is linear in the second argument.
(@) (jo);|w)) = (lw), [v))".
(3) (|v),|v)) > 0 with equality if and only if |v) = 0.

We check that (-,-) : C™ x C" — C satisfies the three conditions:

(1) We see that:
((ylw- . ayn)7z)‘k(zl7' o 7Zn)k) = Zy: Z)‘kzlk
k i k
ZZ/\kafzik
k i
:Z/\k((yh"~7yn)’(217"'7zn)k)
k




(2) We have:

((y1,---,Un), (21, -, 20)) = nyzz
=Z(WZ)*
= Zzz*yz
= (((z1,+ 5 20)s W1+« 5 n))) "

(3) We observe for 0 = (0,...0):

(0,0)=>0-0=0
i
For y = (y1,...,yn) # 0 we have that at least one y; (say, y;) is nonzero, and hence:

(W1 9n)s @) = S92 > 42 >0

which proves the claim.

H [j

Exercise 2.6

Show that any inner product (-, -) is conjugate-linear in the first argument,

Concepts Involved: Linear Algebra, Inner Products

Applying properties (2) (conjugate symmetry), (1) (linearity in second argument), and (2) (again) in




succession, we have that:

D Aitwi) o) | = { 1) D7 A i)

Z/\z‘(|’0i>, |w;))

> X (i), fwi)”

i

= A (lws), v3))

Exercise 2.7

H [j

Verify that |w) = (1,1) and |v) = (1,—1) are orthogonal. What are the normalized forms of these
vectors?

Concepts Involved: Linear Algebra, Inner Products, Orthogonality, Normalization
Recall that two vectors |v), |w) are orthogonal if (v|w) = 0, and the norm of |v) is given by ||[v)|| =

(v]v).
First we show the two vectors are orthogonal:
(wry=1-1+1-(-1)=0
The norms of |w), |v) are given by:

[lw)|| = v/ {wlw) = V12 +12 = V2,
lle)|| = /ooy = V12 + (-1)2 = V2

So the normalized forms of the vectors are:

O

Verify that the Gram-Schmidt procedure produces and orthonormal basis for V.




Concepts Involved: Linear Algebra, Linear Independence, Bases, Inner Products, Orthogonality, Normal-
ization, Gram-Schmidt Procedure, Induction.

Recall that given |w1),...,|wg) as a basis set for a vector space V, the Gram-Schmidt procedure con-
structs a basis set |v1),...,|va) by defining |v1) = |w1)/|||w1)|| and then defining |vg41) inductively for
1<k<d-1as:

1 (Vi wgtr) Jvi)

1 (ilwgya) |vg)

|wk+1> -

>
lwe+1) — >

(D

|vk+1> = H

It is evident that each of the |v;) have unit norm as they are defined in normalized form. It therefore
suffices to show that each of the |v1),...,|vug) are orthogonal to each other, and that this set of vectors
forms a basis of V. We proceed by induction. For k = 1, we have that:

lwe) — (vi|ws) |v1)

120 = Tla) + (orfwa) [on)]
Therefore:
(v1|vg) = (v1|wa) — (v1|wa) {v1|vy) _ {(v1|wa) — (v1|wa) 0
[lwz) + (o1|ws) [or) [|lwz) + (v1|wa) [o1) |

so the two vectors are orthogonal. Furthermore, they are linearly independent; if they were linearly
dependent, we could write |v1) = A|vg) for some A € C, but then multiplying both sides by (v;| we get:

<U1|1}1> =\ <’01|U2> = 1=0

which is a contradiction. This concludes the base case. For the inductive step, let £ > 1 and suppose that
|v1), ..., |vg) are orthogonal and linearly independent. We then have that:

k
|wit1) = Dy (Vilwigr) [vi)

llwsr) = XAy (vilwnsa) os)

|'Uk+1> = ‘

Then for any j € {1,...k}, we have that:

(vjlwrs1) = 8 (vilwrgr) (vilvg) o) (vjlwi11) = (vjlwe+1)

[ S ) R P )

(vjlvrt1) =

where in the second equality we use the fact that <"uj |vz> = 0;; for 4,5 € {1,...k} by the inductive hypoth-
esis. We therefore find that |vi41) is orthogonal to all of |v1),. .., |vx). Furthermore, |v1), ..., |vk), |[Vkt1)
is lienarly independent. Suppose for the sake of contradiction that this was false. Then, there would exist
A1, ... A not all nonzero such that:

)\1|’U1> TP ooo TP )\k|vk> = |Uk+1>

11



but then multiplying both sides by (vi41| we have that:
A1 <Uk+1|1)1> + .. 4+ A <Uk+1|’l)k> = <vk+1|vk+1> — 0=1

by orthonormality. This gives a contradiction, and hence |v1),...,|vk), |ug+1) are linearly independent,
finishing the inductive step. Therefore, |v1),...,|vq) is an orthonormal list of vectors which is linearly
independent. Since |wy),...,|wy) is a basis for V, then V' has dimension d. Hence, |v1), ..., |vq) being
a linearly independent list of d vectors in V' is a basis of V. We conclude that it is an orthonormal basis
of V, as claimed. O

Exercise 2.9: Pauli operators and the outer product

The Pauli matrices (Figure 2.2 on page 65) can be considered as operators with respect to an orthonormal
basis |0), |1) for a two-dimensional Hilbert space. Express each of the Pauli operators in the outer product
notation.

Concepts Involved: Linear Algebra, Matrix Representation of Operators, Outer Products.
Recall that if A has matrix representation:

A

1%

apo  ao1
aipo am

with respect to |0),|1) as the input/output bases, then we can express A in outer product notation as:
A = ago [0X0[ + ao1 [0X1] + @10 [1)0] + a1 [1)(1]

Furthermore, recall the representation of the Pauli matrices with respect to the orthonormal basis |0), |1):

1 0 0 1 0 —i
I_[o 11 X‘L 0] Y_[i 0

7Z =

We immediately see that:

|0XO[ + 1)1
0X1] + [1X0|
=2 |0)1| + ¢ [1X0|
|0XO[ — [1)X1]

1
X
Y
VA

O
Exercise 2.10

Suppose |v;) is an orthonormal basis for an inner product space V. What is the matrix representation for
the operator |v;)(v;|, with respect to the |v;) basis?




Solution

Concepts Involved: Linear Algebra, Matrix Representation of Operators, Outer Products.

The matrix representation of |v;)(v;| with respect to the |v;) basis is a matrix with 1 in the jth column
and row (i.e. the (4, j)th entry in the matrix) and 0 everywhere else. O

Exercise 2.11

Find the eigenvectors, eigenvalues, and diagonal representations of the Pauli matrices X,Y and Z.

Solution

Concepts Involved: Linear Algebra, Eigenvalues, Eigenvectors, Diagonalization.
Given an operator A on a vector space V, recall that an eigenvector |v) of A and its corresponding
eigenvalue A are defined by:

Alv) = AJv)

Furthermore, recall the diagonal representation of A is given by
A= il
i

Where |i) form an orthonormal set of eigenvectors for A, and \; are the corresponding eigenvalues.

We start with X. Solving for the eigenvalues, we have:

det(X —I\) =0 = det [? _ﬂ =0 = X -1=0
From which we obtain A\; = 1, A2 = —1. Solving for the eigenvectors, we then have that:
-1 1 V11 0
(X —I\)|v1) =0 = [ ) _1] L}lj L)] = vi1 = 1,012
o 1 1 V21 . 0 - _
(X I)\2)|U2> =0 = [1 1] |"U2!| = [0‘| = w21 = L0220 = —1

Hence we find that |v1) = |0) + |1), |va) = |0) — |1). Normalizing these eigenvectors (Also see Exercise

, we divide by H|111>H = H|U2>H = /2, giving us:

|0) +11) 0) —11)
= [4+) = — = [—) = —/—m8—.
|’l)1> | > \/§ |U2> | > \/5
The diagonal representation of X is then given by:
X = Ao )vr] + Az [v)(ve| = [+}+| = | =X~




We do the same for Y. Solving for the eigenvalues:

det(A—1I)\) =0 = det [i’\ _;] =0 = NM-1=0
From which we obtain A\; = 1, Ao = —1. Solving for the eigenvectors, we then have that:
(Y —I\)|v)) =0 = lil —ﬂ lzij — m = vy =1l,vi2=1
(Y = Dhg)fvs) =0 —> li _1@] [sz _ m s T
We therefore have that |v1) = |0) + i[1), [v2) = |0) — i|1). Normalizing by dividing by ||[v1)|| = |||v2)].

we obtain that:

Y Rk R R U .
lv1) = |y4+) = oAl lva) = |y—) = 7

The diagonal representation of Y is then given by:

Y = |y Xy+| — ly—Xy-|

For Z, the process is again the same. We give the results and omit the details:

A =1v) =10) Ae=—1,|vg) = 1)

Z = [0)0] — 11|

Exercise 2.12

Prove that the matrix

10
1 1
is not diagonalizable.

Concepts Involved: Linear Algebra, Eigenvalues, Eigenvectors, Diagonalization.

Solving for the eigenvalues of the matrix, we have:

det[ 1 I—A]_O:>(1_A) —O:>)\1,/\2—1




But since the eigenvalue 1 is degenerate, the matrix only has one eigenvector; it therefore cannot be
diagonalized. O

Exercise 2.13

If |w) and |v) are any two vectors, show that (|w){v|)T = |v)(w].

Concepts Involved: Linear Algebra, Adjoints.

Where in the third-to last equality we use the conjugate linearity in the first argument (see Exercise [2.0)
and in the second-to last equality we use that (a|b)” = (bla). Comparing the first and last expressions,
we conclude that (|w)v|)t = |[v)w]. O

Exercise 2.14: Anti-linearity of the adjoint

Show that the adjoint operator is anti-linear,

T

Concepts Involved: Linear Algebra, Adjoints.

We observe that:
ZaiAi la), |b) | = |a>,ZaiAi|b> :Zai(|a>,Ailb>)
=" ai (4lla). 1))

= (> a;Ala), |b)

15



where we invoke the definition of the adjoint in the first and third equalities, the linearity in the second
argument in the second equality, and the conjugate linearity in the first argument in the last equality. The
claim is proven by comparing the first and last expressions. O

r
\

Exercise 2.15

Show that (AT)T = A.

Solution

Concepts Involved: Linear Algebra, Adjoints

Applying the definition of the Adjoint twice (and using the conjugate symmetry of the inner product) we
have that:

((A1)[a), 18)) = (la), AT[B)) = (AT[b), |a))* = (1b), Ala))* = ((Ala), [B))*)" = (Ala), [b)).

The claim follows by comparison of the first and last expressions. O

Exercise 2.16

Show that any projector P satisfies the equation P? = P.

Solution

Concepts Involved: Linear Algebra, Projectors.

Let |1),...,|k) be an orthonormal basis for the subspace W of V. Then, using the definition of the
projector onto W, we have that:

k k k k k k k
P2=P-P= 1)l | [ DX = D0 D 1@ =D i) (i) = lifil = P
=1 =il =1l =il g=il

i=14'=1

where in the fourth/fifth equality we use the orthonormality of the basis to collapse the double sum. O

Exercise 2.17

Show that a normal matrix is Hermitian if and only if it has real eigenvalues.

Solution

Concepts Involved: Linear Algebra, Hermitian Operators, Normal Operators, Spectral Decomposition.

Let A be a Normal and Hermitian matrix. Then, it has a diagonal representation A =Y. A; |i)(:]
where i) is an orthonormal basis for V' and each |é) is an eigenvector of A with eigenvalue ;. By the

16



Hermicity of A, we have that A = AT, Therefore, we have that:

"
Al = Z)\i liXil | = ZA? |iil = A = ZA Xl

where we use the results of Exercises [2.13] and [2.14] in the second equality. Comparing the third and last
expressions, we have that A\; = A\;* and hence the eigenvalues are real.
Let A be a Normal matrix with real eigenvalues. Then, A has diagonal representation A =

; Ai |[i)(i| where \; are all real. We therefore have that:

n

Af = ZAZ» il | = A |i><z‘\:ZAz« |ixi| = A

where in the third equality we use that A\ = \;. We conclude that A is Hermitian. O

Exercise 2.18

Show that all eigenvalues of a unitary matrix have modulus 1, that is, can be written in the form e for
some real 6.

Concepts Involved: Linear Algebra, Unitary Operators, Spectral Decomposition

Let U be a unitary matrix. It is then normal as UTU = UTU = I. It therefore has spectral decomposition
U =), Xi|i)(i| where |i) is an orthonormal basis of V, and |i) are the eigenvectors of U with eigenvalues
A;. We then have that:

T
UUT =T = | > Xlifil | | D M li)i'| | =T

= | Donladal | [ Do) =1
— 3> Al il = 1
i 4
— ZZ )\z)\j'|l>6u’ <’Ll| =1
i 4
= D N li)i| =T
i
= >INl =D il
From which we obtain that |A;]*> = 1, and hence |\;| = 1, proving the claim. O




Exercise 2.19: Pauli matrices: Hermitian and unitary

Show that the Pauli matrices are Hermitian and unitary.

Concepts Involved: Linear Algebra, Hermitian Matrices, Unitary Matrices

We check I, X,Y, Z in turn.

*

SRR

Ir=rr=r1
o 0 o 11" [o 1
T_ = = g
X L 0] [1 o} 1 X
o 1o 1] [1 o
T p— fr— p— f—
XX =XX ll 0 ll 01 =1
0 \" To " To
yi= ! - Lo oy
L O] —1 O] lz 0
0 —i| |0 —i 1 0
T = pr— P—
e I B
T - *
g ([t 0 _roof _f1 ool _,
“lio -1 .| 0 -1

18



Exercise 2.20: Basis changes

Suppose A’ and A” are matrix representations of an operator A on a vector space A on a vector space
V' with respect to two different orthonormal bases, |v;) and |w;). Then the elements of A’ and A" are
Al = (vi|Alv;) and A, = (w;|Alw;). Characterize the relationship between A’ and A”.

Solution

Concepts Involved: Linear Algebra, Matrix Representations of Operators, Completeness Relation

Using the completeness relation twice, we get:

Al = (uilAlog) = (uilIAvg) = (vl | D fwikwa| | A | D7 Twg Xy | | o)

i’ j/

- Z Z(vi\wyﬂwyIA\wj'><wj'|Uj>
= Z Z(Ui‘wi’>A;Ij<wj’|vj>

Exercise 2.21

Repeat the proof of the spectral decomposition in Box 2.2 for the case when M is Hermitian, simplifying
the proof wherever possible.

Solution

Concepts Involved: Linear Algebra, Hermitian Operators, Spectral Decomposition.

For the converse, we have that if M is diagonalizable, then it has a representation M = . A; |i)(i| where
i) is an orthonormal basis of V, and |i) are eigenvectors of M with associated eigenvalues of ;. We then
have that:

T
MY = | DNl | = DX Il = 3 A lixal = M

where in the second equality we apply the result of Exercise [2.13] and in the third equality we use that
Hermitian matrices have real eigenvalues. For the forwards implication, we proceed by induction on the
dimension d of V. The d = 1 case is trivial as M is already diagonal in any representation in this
case. Let A\ be an eigenvalue of M, P the projector onto the \ subspace, and Q the projector onto the
orthogonal complement. Then M = (P + Q)M(P + Q) = PMP + QMP+ PMQ + QMQ. Obviously
PMP = A\P. Furthermore, QM P = 0, as M takes the subspace P into itself. We claim that PMQ =0
also. To see this, we recognize that (PMQ)" = QTMTPT = QMP = 0. and hence PMQ = 0. Thus
M = PMP+ QMQ. QMQ is normal, as (QM Q)" = QT MTQt = QM Q (and Hermiticity implies that
the operator is normal). By induction, QM@ is diagonal with respect to some orthonormal basis for the

19



subspace Q, and PM P is already diagonal with respect to some orthonormal basis for P. It follows that
M = PMP + QMA@ is diagonal with respect to some orthonormal basis for the total vector space. [

,
\

Exercise 2.22

Prove that two eigenvectors of a Hermitian operator with different eigenvalues are necessarily orthogonal.

Solution

Concepts Involved: Linear Algebra, Eigenvalues, Eigenvectors, Hermitian Operators.

Let A be a Hermitian operator, and let |v1), |vg) be two eigenvectors of A with corresponding eigenvalues
A1, A2 such that A\; # Ag. We then have that:

(v1]Afv2) = (V1] A2|v2) = Az {v1|v2)
(v1|Alvg) = (v1|AT|v2) = (v1|A1]v2) = A (v1]vz)

where we use the Hermiticity of A in the second line. Substracting the first line from the second, we have
that:

0= ()\2 — )\1)<U1|’U2>.

Since A; # Ay by assumption, the only way this equality is satisfied is if (v;|v2) = 0. Hence, |v1), |v2) are
orthogonal. O

Exercise 2.23

Show that the eigenvalues of a projector P are all either 0 or 1.

Solution

Concepts Involved: Linear Algebra, Eigenvalues, Eigenvectors, Projectors.

Let P be a projector, and |v) be an eigenvector of P with corresponding eigenvalue A. From Exercise
we have that P2 = P, and using this fact, we observe:

Plv) = Alv)
P|v) = P?|v) = PP|v) = PAv) = AP|v) = A?|v).

Subtracting the first line from the second, we get:
0=\ =N)|v) =2\ —1)|v).

Since |v) is not the zero vector, we therefore obtain that either A =0 or A = 1. O

r
\
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Exercise 2.24: Hermiticity of positive operator

Show that a positive operator is necessarily Hermitian. (Hint: Show that an arbitrary operator A can be
written A = B + iC where B and C' are Hermitian.)

Concepts Involved: Linear Algebra, Hermitian Operators, Positive Operators

Let A be an operator. We first make the observation that we can write A as:

A7é+é+A7T7A7T7A+AT+_A—AT
T T Ty Ty T T o

t ot .
So let B = % and C = %. B and C are Hermitian, as:

T
i i Tyt T
BT:<A2A> _4 +2(A) :A;—A:B

T
A— Af At —(Aht A At
T: = = =
¢ ( 2 ) —2i 2 ¢

so we have hence proven that we can write A = B + iC for hermitian B, C for any operator A. Now,
assume that A is positive. We then have that for any vector |v):

(v]AJv) > 0.
Using the identity derived above, we have that:
(v|Blvy + i(v|C|v) > 0.

The positivity forces C' = 0. Therefore, A = B and hence A is Hermitian. O

Exercise 2.25

Show that for any operator A, AT A is positive.

Concepts Involved: Linear Algebra, Adjoints, Positive Operators

Let A be an operator. Let |v) be an arbitrary vector, and then we then have that:

(1o}, AT 4R) ) = ((AD)1o), Al) ) = (Alv), Alv))

By the property of inner products, the expression must be greater than zero. O




Exercise 2.26

Let |1) = (]0) + [1))/v/2. Write out [1/)®? and |1)®® explicitly, both in terms of tensor products like
|0)|1) and using the Kronecker product.

Solution

Concepts Involved: Linear Algebra, Tensor Products, Kronecker Products.

Using the definition of the tensor product, we have:

1 1
1 (V2 2
1
Weaz:|0>|0>+|0>|1>+|1>|0>+|1>|1>g V2 vl = %
2 1 ? ?
V2 7 5

10)10)10) +10)[0)[1) +10)[1)[0) + [0} 1)]1) + [1)]0)|0) + [1){0)[1) + [1)[1)[0) + [1)[T)]1)

®3 _
9 = -

1
1
1
I
‘ -

S

‘ -

Sk
35

!
3

1%

= [v) ® [)®*

S

‘ =

S

S

&)

SIS SR T ST I S T
‘H

‘ L

[~}
»—t%
™)

S

r
\

Exercise 2.27

Calculate the matrix representation of the tensor products of the Pauli operators (a) X and Z; (b) I and
X; (c)X and I. Is the tensor product commutative?

Solution

Concepts Involved: Linear Algebra, Tensor Products, Kronecker Products.

Using the Kronecker product, we have:
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1 0 1 0 0 0 1 0
0 1
0Z 17 0 -1 0 -1 0 0 0 -1
17 07 1 0 1 0 1 0 0 O
o 1] %o 41 0 -1 0 0
(b)
0 1 0 1 01 0 0
1 0
Tox < | 0X| _ Lo L Ojf 1000
lox 1x| 0 1 o 1/l |0 0 0 1
Ol o] M1oof| oo 1o
(c)
1 0 1 0 00 1 0
0 1
xer< |01 U] _ 0 1 O 1jf 10 0 0 1
i oor| | |1 o 1 0ol]l [1 0 0O
1 0 1 0 0 1 01 0 O
Comparing (b) and (c), we conclude that the tensor product is not commutative. O

Exercise 2.28

Show that the transpose, complex conjugation and adjoint operations distribute over the tensor product,

(A®B)*=A4*@B*;(A® BT =AT @ BT;(A® B)! = At ® B.

Concepts Involved: Linear Algebra, Adjoints, Tensor Products, Kronecker Products.

Using the Kronecker product representaton of a ® B, we have:

AnB ApB ... A,B|" [AnB* ALB* ... AL B*
Ay B  A9sB ... As,B A%, B*  ALB* ... A% B*

(A®B)*=| . A I 22 T Ao B
A B AneB ... An.B Ar B* A*,B* ... A% B*




T

AllB A12B 000 AlnB AllBT A21BT 000 AnlBT

7 Ang AQQB 500 AgnB AlgBT A22B oo AngBT 7T 7T

(A® B)" = . . . . = . . _ _ = AT @ BT.
A,1B A,2B ... A,.B AymBT  As,,BT ... A,.BT

The relation for the distributivity of the hermitian conjugate over the tensor product then follows from the
former two relations:

(A® B)f = (A® B)T)* = (AT ® BT)* = (AT)* ® (BY)* = Al @ B

Exercise 2.29

H [j

Show that the tensor product of two unitary operators is unitary.

Solution

Concepts Involved: Linear Algebra, Unitary Operators, Tensor Products

Suppose A, B are unitary. Then, AYA =T and BfB = I. Using the result of the Exercise [2.28] we then
have that:

(A B){(A®B)=(AT®@ BN(A®B) = (ATA®B'B)=1I®1I

,
\

Exercise 2.30

Show that the tensor product of two Hermitian operators is Hermitian.

Solution

Concepts Involved: Linear Algebra, Hermitian Operators, Tensor Products

Suppose A, B are Hermitian. Then, AT = A and BY = B. Then, using the result of Exercise we
have:

(A®B)!=A'@B'=A®B

Exercise 2.31

Show that the tensor product of two positive operators is positive.

24



Solution

Concepts Involved: Linear Algebra, Positive Operators

Suppose A, B are positive operators. We then have that (v|AJv) > 0 and (w|B|w) > 0. Therefore, for
any |v) ® |w):

(Iv) ® lw), A® B(Jv) ® |w))) = (v|Ajv)(w|Blw) > 0

Exercise 2.32

H [j

Show that the tensor product of two projectors is a projector.

Solution

Concepts Involved: Linear Algebra, Projectors

Let Py, P, be projectors. We then have that P2 = P; and P? = P, by Exercise Therefore:
(PARPR)?=(PRR)(PQP)=Pl@P,=P 3P,

so P| ® Py is a projector. O

,
\

Exercise 2.33

The Hadamard operator on one qubit may be written as
1
V2

Show explicitly that the Hadamard transform on n qubits, H®", may be written as

o = —— 3 (1) la)y

H = —=[(10) + [1))(0] + (10) — [1)){1]]

Write out an explicit matrix representation for H®2

Solution

Concepts Involved: Linear algebra, Matrix Representation of Operators, Outer Products.

Looking at the form of the Hadamard operator on one qubit, we observe that:

H = —=[|0)X0] + [0)1] + [1X0] — [1)X1[]

Sl
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Hence:
~ V24 Z )"z y
Where z,y run over 0 and 1. Taking the n-fold tensor product of this expression, we get:

IZ 12 (y] © —= Z ™2\l ® .. Z 1)7a) (y

*¥x) (yl

-

Where x,y are length n-binary strings. This proves the claim.
Now explicitly writing H®?2, we have:

\/»Z 1)5Y) x)(y|

11 1 1
101 -1 1 -1
“2l1 1 -1 -1

1 -1 -1 1

Note that here, x,y are binary length 2 strings. The sum goes through all pairwise combinations of
x,y € {00,01,10,11}. O
Remark: Sylvester's Construction gives an interesting recursive construction of Hadamard matrices.
See https://en.wikipedia.org/wiki/Hadamard_matrix. Discussion on interesting (related) open
problem concerning the maximal determinant of matrices consisting of entries of 1 and —1 can be found
here https://en.wikipedia.org/wiki/Hadamard/27s_maximal_determinant_problem.

| r
\

Exercise 2.34

Find the square root and logarithm of the matrix

;

Concepts Involved: Linear Algebra, Spectral Decomposition, Operator Functions

We begin by diagonalizing the matrix (which we call A) as to be able to apply the definition of oper-
ator functions. By inspection, A is Hermitian as it is equal to its conjugate transpose, so the spectral



https://en.wikipedia.org/wiki/Hadamard_matrix
https://en.wikipedia.org/wiki/Hadamard%27s_maximal_determinant_problem

decomposition exists. Solving for the eigenvalues, we consider the characterstic equation:

4—- ) 3

det(A—)\I):O:>det[ 3 4

]:0 — (4-X2)2-9=0 = XN —8\+7=0

Using the quadratic equation, we get Ay = 1, Ao = 7. Using this to find the eigenvectors of the matrix,

4-1 3
3 4-1

[4_7 E ‘||:U21‘|:0:>’U21:17’022:1

we have:

|:Ull‘| =0 = vi1=1,v10=-1
V12
3 4 -7 V22

Hence our normalized eigenvectors are:

1) = [@] ;o ve) = [
V2

Ssr

Therefore the spectral composition of the matrix is given by:
A =1lvi1)(v1] + 7 |vz)v2]
Calculating the square root of A, we then have:

1+vV7 —1+7
—14+V7 147

VA = VI|or)or| + VT oaKeal = 5 [_11 )

111
1 1| 2

Calculating the logarithm of A, we have:

log(A) = log(1) [vi)v1| + log(7) [va)va| = 1°g2(7) F ﬂ

H [j

Exercise 2.35: Exponential of Pauli matrices

Let v be any real, three-dimensional unit vector and 6 a real number. Prove that
exp(ifv - o) = cos(0)I + isin(f)v - o
Where v - o = Z‘?:l v;0;. This exercise is generalized in Problem 2.1 on page 117.

Concepts Involved: Linear Algebra, Spectral Decomposition, Operator Functions.
Recall that 01 = X,00, =Y, and 03 = Z.




1 0]
0 —-1|

In order to compute the complex exponential of this matrix, we will want to find its spectral decomposition.
Using the characterstic equation to find the eigenvalues, we have:

First, we compute v - o in matrix form:

0

1 0 —1
10

+ Vg 0

+ vg .
V1 + 109 —U3

V3 v — i'l)g
V-0 = V101 + V209 + V303 = V1

det(v-o—I\) =0 = det

v3— A U] — iUQ]
. =0
V1 +ive  —vu3 — A

= (v3 — A)(—v3 — A) — (v — iva)(vy + tvg) =

0
- )\2—v§—vf—v§:)\2—(v%+v§+v§)20

= A -1=0

= A =1, =-1

where in the second-to-last implication we use the fact that v is a unit vector. Letting |v1),|vs) be the
associated eigenvectors, v - o has spectral decomposition:

V.o = |vi)vi| — |vz)v2]
Applying the complex exponentiation operator, we then have that:
exp(ifv - o) = exp(if) |v1 Xv1| + exp(—ih) |vaXva| .
Using Euler’s formula, we then have that:

exp(ifv - o) = (cos O + i sin B) |v {v1| + (cos O — isin B) |vg }va|
= cos(8) (Jvr)vi| + [va2)(ve|) +isin(8) (Jvrfv] — [v2){va])
= cos(0)] +isin(f)v - o.

Where in the last line we use the completeness relation and the spectral decomposition. O

Exercise 2.36

Show that the Pauli matrices except for I have trace zero.

Concepts Involved: Linear Algebra, Trace.




We have that:

tr(X) = tr

tr(Y):tr(; Z]—0+0—0
tr(Z) =t
r(Z) =tr 0 ]

Exercise 2.37: Cyclic property of the trace

If A and B are two linear operators show that

tr(AB) = tr(BA)

Solution

Concepts Involved: Linear Algebra, Trace.

Let A, B be linear operators. Then, C' = AB has matrix representation with entries C;; = >, A;x B,
and D = BA has matrix representation with entries D;; = >, B, Aj;. We then have that:

tr(AB) =tr(C) = Cii=> > AuBri =Y _ Y Bridir=» Dy =tr(D) = tr(BA)
3 % k % k

k

Exercise 2.38: Linearity of the trace

If A and B are two linear operators, show that
tr(A + B) = tr(A) + tr(B)
and if z is an arbitrary complex number show that

tr(zA) = ztr(A).

Solution

Concepts Involved: Linear Algebra, Trace.

From the definition of trace, we have that:

tI‘(A + B) = Z(A + B)ii = ZA“ T Bz’i = ZA” + ZB” = tI‘(A) ate tI‘(B)

%
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tr(zA) = Z(ZA)“ =5 Z Ay = ztr(A)

Exercise 2.39: The Hilbert-Schmidt inner product on operators

The set Ly of linear operators on Hilbert space V is obviously a vector space - the sum of two linear
operators is a linear operator, zA is a linear operator if A is a linear operator and z is a complex number,
and there is a zero element 0. An important additional result is that the vector space Ly can be given a
natural inner product structure, turning it into a Hilbert space.

(1) Show that the function (-,-) on Ly X Ly defined by
(A,B) = tr(ATB)

is an inner product function. This inner product is known as the Hilbert-Schmidt or trace inner
product.

(2) If V has d dimensions show that Ly has dimension d?.

(3) Find an orthonormal basis of Hermitian matrices for the Hilbert space Ly .

Concepts Involved: Linear Algebra, Trace, Inner Products, Hermitian Operators, Bases

(1) We show that (-, -) satisfies the three properties of an inner product. Showing that it is linear in the
second argument, we have that:

A, Z )\le =1tr AZ )\ZBl E Z >\i tI‘(ABZ) = Z )\i(A7 Bz)

where in the second to last equality we use the result of Exercise 2.38] To see that it is conjugate-
symmetric, we have that:

(4,B) = (AB) = tr((BTA)T) = tr(BTA)* — (B, A)*

Finally, to show positive definitness, we have that:
(4,4) = tr(4T4) = SN Al A = D03 Al = D03 [Awl® 2 0
ik ik ik

so we conclude that (-, ) is an inner product function.

(2) Suppose V' has d dimensions. Then, the elements of Ly, which consist of linear operators A : V = V'
have representations as d x d matrices. There are d? such linearly independent matrices (take the
matrices with 1 in one of the d? entries and 0 elsewhere), and we conclude that Ly has d? linearly
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independent vectors and hence dimension d?.

As discussed in the previous part of the question, one possible basis for this vector space would
be |v;)(v;| where |vg) form an orthonormal basis of V' with 4,j € {1,...d}. These of course are
just matrices with 1 in one entry and O elsewhere. It is easy to see that this is a basis as for any
A € Ly we can write A = 3 .. Ajj [v;}{vj|. We can verify that these are orthonormal; suppose
|vi, Xvj, | # |vi, (vj,|. Then, we have that:

(los X [ Xesal) = 0 (Coi o DT o Xesal)
= tr(lvj1><vi1 |vi2><vj2 |)

If |vs,) # |vsy,), then the above expression reduces to tr(0) = 0. If |v;,) = |vi,), then it follows that
|vj,) # |vj,) (else this would contradict |v;, Xvj, | # |vi, {vj,]) and in this case we have that:

( ‘Uil ><vj1| ) ‘Uiz ><vj2 |) = tI‘(|’U.7’1><Ui1 |vi2><vj2 |)
= tr(|vj1><vj2|)
—0

So we therefore have that the inner product of two non-identical elements in the basis is zero.
Furthermore, we have that:

( \Ui1><vj1| ) ‘vilxvh |) = tI'( |Ui1><vj1| ‘vilxvh |) = tr(|vi1><vi1|) =1

so we confirm that this basis is orthonormal. However, evidently this basis is not Hermitian as if
i # 7, then (|v;Xv;|)T = |v;Xvi| # |vi)v;|. To fix this, we can modify our basis slightly. We keep
the diagonal entries as is (as these are indeed Hermitian!) but for the off-diagonals, we replace every
pair of basis vectors |v;)(v;], |v;)(v;| with:

[oavi| + JviXvs| . JviXos| = v Xoil

V2 ’ V2

A quick verification shows that these are indeed Hermitian:

(Ll vj><vz~|)T _ (oaosDt + (oot _ Joakos] + fos)e)
V2 V2 V2
(sl vj><w|>T _ QoD = CogeaDt _ Joakes] — JosKoi
V2 V2 V2

It now suffices to show that these new vectors (plus the diagonals) form a basis and are orthonormal.
To see that these form a basis, observe that:

L ool + JviXes| 0 (Z |viXv;| — lvj><vi|) — oo
V2 V2 V2 V2 R
L Joi)vil + Jui)usl | @, Toaus| = Joidul \ )y
7o e g ()

and since we know that |v;)}(v;]| for all ¢, 5 € {1,...d} form a basis, this newly defined set of vectors
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must be a basis as well. Furthermore, since the new basis vectors are constructed from orthogonal
|vi)(v;], the newly defined vectors will be orthogonal to each other if i1, j1 # i2,j2. The only things
left to check is that for any choice of 4, j that:

ool + og)eil | Jeikes] = JosKoil

V2 V2

are orthogonal, and that these vectors are normalized. Checking the orthogonality, we have:

( Joilos] + fogoil , foa)v;| — |vj><vz-|) _ t(( Jvido;] + |vj><vz-|> ( Jvio;] — |vj><vi|>>

vz V2 "
= ﬁtr( |vs)w;] = lviXwil)
=0.

And checking the normalization, we have that:

(Im)@y%lvﬁ(vil’ Ivi><vj\j§|vj><wl> :tr<( Ivi><vj|\j§|vj><vil> <|v1><vj|;r§lvj><vil)>

tr( Jvi)vil + Jv;)v;l)

Ll NGRS

(i Ivi><vj|\;§lvj><vi|’i Ivi><vj\;§|vj><vil) _ tr((i vi><vj|\;§lvj><vi> (Z Ivi><vj|\;§|vj><vi>>

= 5 e ouei] = [ososl)

Exercise 2.40: Commutation relations for the Pauli matrices

Verify the commutation relations
(X,Y]=2iZ; [Y,Z]=2iX; [Z,X]|=2Y

There is an elegant way of writing this using €;z;, the antisymmetric tensor on three indices, for which

€ikl = 0 EXCGPt for €123 = €231 — €312 — 1, and €321 — €213 — €132 = —1:
3
[aj,ak] =2 E ijla'l
=1

32




Cauon

Concepts Involved: Linear Algebra, Commutators.

We verify the proposed relations via computation in the computational basis:
enwevec [ B ARG

S | R R e | B A B

3 R o o

Y, 2] =YZ - 2Y =

[Z,X]=2ZX - XZ =

Exercise 2.41: Anti-commutation relations for the Pauli matrices

Verify the anticommutation relations
{O'i, O'j} =0
Where i # j are both chosen from the set 1,2, 3. Also verify that (i = 0,1,2,3)

2 _
oy =1

A

Concepts Involved: Linear Algebra, Anticommutators.

We again verify the proposed relations via computation in the computational basis:

0 1[0 —¢ 0 —i| |0 1 i 0 —i 0 00
{X’Y}_XYJFYX_L 0] L 01+L' 0] [1 0}‘[0 il "o i]_[o o]
0 —i| |1 O n 1 0[|0 —i| [0 4 n 0 —il |0 0
i 0] [0 -1 0 —1||i of |i 0 —-i 0] |0 0

1 0]]0 1 " 0O 1{|1 0| |0 1 o 0 -1 |0 0
10 10 -1 0 1 0| |0 ol

0 -1 0 -1
This proves the first claim as {A, B} = AB + BA = BA+ AB = {B, A} and the other 3 relations are

+

(Y,Z}=YZ+2Y =

(Z,X}=ZX+XZ =
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equivalent to the ones already proven. Verifying the second claim, we have:
2 1 o] 1 0] _ [1 0]
_0 1 _0 1 0 1
e=2 [ d =]
e L
A= b -6

Remark: Note that we can write this result consicely as {0}, 0} = 20,1

Exercise 2.42

Verify that

a5 = I+ {45}

Solution

Concepts Involved: Linear Algebra, Commutators, Anticommutators.

By algebraic manipulation we obtain:

_ AB+AB A BA—BA (AB-BA)+ (AB+BA) _[A,B]+{A,B}

AB

Exercise 2.43

O
+
O
O
O
O

Show that for j, k = 1,2, 3,

3
00 = 5jk1+i E €jklO]-
=1

Solution

Concepts Involved: Linear Algebra, Commutators, Anticommutators.
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Applying the results of Exercises [2.40] [2.41} and [2.42] we have:

[Uj7 Uk} + {Uj’ Uk}
2
_ 200 €m0 + 2051
2
3

= (5ijl +1 Z €5k10]
=1

00k =

H [j

Exercise 2.44
Suppose [4, B] =0,{A, B} =0, and A is invertible. Show that B must be 0.

Solution

Concepts Involved: Linear Algebra, Commutators, Anticommutators.

By assumption, we have that:

[A,B]= AB—BA=0
{A,B} = AB+ BA=0.

Adding the first line to the second we have:
2AB=0 — AB=0.
A~ exists by the invertibility of A, so multiplying by A~! on the left we have:

A'"AB=A"'0 = IB=0 =— B=0.

H [j

Exercise 2.45

Show that [A, B]T = [Bf, AT].

Solution

Concepts Involved: Linear Algebra, Commutators, Adjoints.

Using the properties of the adjoint, we have:

[A,B])f = (AB — BA)' = (4B)" — (BA)" = Bf AT — AtB' = [Bt, Al]

,
\
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Exercise 2.46

Show that [A4, B] = —[B, 4].

Solution

Concepts Involved: Linear Algebra, Commutators

By the definition of the commutator:

[A,B] = AB— BA= —(BA— AB) = —[B, A]

r
\

Exercise 2.47

Suppose A and B are Hermitian. Show that i[A4, B] is Hermitian.

Solution

Concepts Involved: Linear Algebra, Commutators, Hermitian Operators

Suppose A, B are Hermitian. Using the results of Exercises [2.45] and we have:

(i[A, B])" = —i([A, B))" = —i[BT, A'] = i[AT, BY] = i[A, B].

,
\

Exercise 2.48

What is the polar decomposition of a positive matrix P? Of a unitary matrix U? Of a Hermitian matrix,

|

Solution

Concepts Involved: Linear Algebra, Polar Decomposition, Positive Operators, Unitary Operators, Her-
mitian Operators

If P is a positive matrix, then no calculation is required; P = IP = PI is the polar decomposition (as I is
unitary and P is positive). If U is a unitary matrix, then J = VUTU = Vi=Tand K =VUUT =VI=1
so the polar decomposition is U = UI = IU (where U is unitary and I is positive). If H is hermitian, we

then have that:
J=VETE =vVE =[S il = 3 IAd il

and K = VHHT = 3", |\;| |i)(i| in the same way. Hence the polar decompositionis H = U Y, || |i)(i| =
2 il [l U 0
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Exercise 2.49

Express the polar decomposition of a normal matrix in the outer product representation.

Solution

Concepts Involved: Linear Algebra, Polar Decomposition, Outer Products

Let A be a normal matrix. Then, A has spectral decomposition A =" A; |i)(é|. Therefore, we have that:

ATA = AAT =N TN L] [X | =D 0 T AN (i | Sie = D [Nl i)l

K3 7

T=VATA= [STInPliN = 3 Il i

and K = ), |\i||i)i| identically. Furthermore, U is unitary, so it also has a spectral decomposition of
> 15 |7)j|- Hence we have the polar decomposition in the outer product representation as:

We then have that:

A=UJ=KU

A= UZ | Aal il Z = Z |Aal fail ZU
A= ZZMWIIJ’)(J’IZ’WI = ZZ | il )il i) ]

,
\

Exercise 2.50

Find the left and right polar decompositions of the matrix
1 0
1 1

Concepts Involved: Linear Algebra, Polar Decomposition.

Solution
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this, we find the spectral decompositions of ATA and AAT.

1 0 A0 2— A 1
1 1]— 1 —O:detl )\]—0

11
T — =
det(ATA=I2) =0 — det [0 1] 0 o

— A -3)4+1=0

3+v5h 3—v5
= )\1 =] 77)\2 —
2 2
Solving for the eigenvectors, we have:
92— 3+V5 1 1+ \/5
2 _ _
l 11— o =0 = o) ="y
% — Bl 1 1-+/5
2 _ _
l 1 1— 32ﬁ] |’02> =0 = |U2> - l )
Normalizing, we get:
\v1>=; 1+v5 |Uz>:; 1-+5
10+2v6| 2 | 10-2V5| 2

The spectral decomposition of AfA is therefore:
ATA = Al |U1><Ul| + )\2 |’U2><’U2|

Calculating J, we therefore have:

J = VATA = /3 Jor)or] + v/ s oz)vs] = % li’ ﬂ

The last equality is not completely trivial, but the algebra is tedious so we invite the reader to use a
symbolic calculator, as we have. We make the observation that:

A=UJ = U=AJ!

So calculating J~!, we have:

L1 1 1 [2 -1
J= Non v Xv1] + T lva)vz| = 7 [_1 3

Where we again have used the help of a symbolic calculator. Calculating U, we then have that:

o ftol 12 -1 1 [2 —1]
U:A‘lell 1]\/5[—1 3]:\/5[1 2
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Hence the left polar decomposition of A is given by:

1 12 -1 1 13 1
A=UJ=|—= —
A G
We next solve for the right polar decomposition. We could repeat the procedure of solving for the spectral
decomposition of AAT, but we take a shortcut: since we know the K that satisfies:

A=KU

will be unique, and U is unitary, we can simply multiply both sides of the above equation on the right by

U~ = UT to obtain K. Hence:
1ol 12 1] 121
1 1|5 l-1 2| T 3|

Therefore the right polar decomposition of A is given by:

K =AU =

1 [2 1 12 -1
A=EKU= \/5l1 3] \/5[1 21

Exercise 2.51

Verify that the Hadamard gate H is unitary.

Concepts Involved: Linear Algebra, Unitary Operators

Remark: The above calculation shows that H is also Hermitian and Idempotent.

Exercise 2.52

Verify that H? = I.




Solution

Concepts Involved: Linear Algebra

See the calculation and remark in the previous exercise. O

Exercise 2.53

What are the eigenvalues and eigenvectors of H?

Solution

Concepts Involved: Linear Algebra, Eigenvalues, Eigenvectors

Using the characteristic equation to find the eigenvalues, we have:

1y 1
det(H—IA)zOzdet[‘/il 2 1:0:>/\2—1:
vz V2

Finding the eigenvectors, we then have:

D 1 L il A
[ﬁL _f_ | [v1) =0 = |v1) = L\/E
V2 V2 V2

1 1 1
- +1 == -1+ =
V2 2 1|2} =0 = |v2) = V2
o TwvET s
Normalizing, we have:
1 1
o) = ——— ' | oy = ——— | T T
N R 1
+V2 | ¥ -V2|

O
Exercise 2.54

Suppose A and B are commuting Hermitian operators. Prove that exp(A) exp(B) = exp(A + B). (Hint:
Use the results of Section 2.1.9.)

Solution

Concepts Involved: Linear Algebra, Operator Functions, Simultaneous Diagonalization

Since A, B commute, they can be simulatneously diagonalized; that is, there exists some orthonormal
basis [i) of V' such that A = ) . a;[i)i| and B = ", b; |i)(i|. Hence, using the definition of operator
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functions, we have that:

exp(A) exp(B) = exp Zai )il | exp sz i)
= Z Z exp(a;) exp(by)[d) (ili") (i'|
=D > explas) exp(bir) i) ({6

i i

= Z exp(a;) exp(b;) |i)i
= Z exp(a; + b;) |i)i

= exp Z(ai + i) [iXi

K2

=exp(4 + B)

H [j

Exercise 2.55

Prove that U(t1,t2) defined in Equation (2.91) is unitary.

Concepts Involved: Linear Algebra, Unitary Operators, Spectral Decomposition, Operator Functions.

Since the Hamiltonian H is Hermitian, it is normal and hence has spectral decomposition:
H=>) E|EXE|
E

where all E are real by the Hermicity of H, and |E) is an orthonormal basis of the Hilbert space. We
then have that:

‘H“h‘”] ~exp {—iZEE|Ef>i<E| (t2 —t1>]

. ;xp<E“h”) |EXE]

U(t1,t2) = exp {




Hence calculating UT(¢1,t2) we have:

f(tr,t2) = Zexp( =BG pys T: ) <p(‘E(th‘”)> (1BXE))'
= S ) ot
Therefore computing U (t1,t2)U (t2,1) we have:
Uit )0 (ot) = | S =1 oy | | e ) e
D I e “))aEE/ BXE

E FE’

_ ;Xp<—E<th—f>) exp( 22210 1y
-3 12

=17

where in the second equality we use the fact that the eigenstates are orthogonal. We conclude that U is
unitary. O

Exercise 2.56

Use the spectral decomposition to show that K = —ilog(U) is Hermitian for any unitary U, and thus
U = exp(iK) for some Hermitian K.

Concepts Involved: Linear Algebra, Hermitian Operators, Unitary Operators, Spectral Decomposition,
Operator Functions.

Suppose U is unitary. Then, U is normal and hence has spectral decomposition:
U= XX
J

where |j) are eigenvectors of U with eigenvalues \;, and |j) forms an orthonormal basis of the Hilbert
space. By Exercise [2.18] all eigenvalues of unitary operators have eigenvalues of modulus 1, so we can let
Aj = exp(if;) where §; € R and hence write the above as:

U= Zexp(iej) 17X




We then have that:
= —ilog(U) = —ilog [ D" exp(i6) i)}l | = > —ilog(exp(i8;)) )il = > ~i(i8;) i)
J J J
= 813
J

We then observe that:
T

D011 =D 01X

as the 0;s are real and (|5)(j|)T = [j)}j|. Hence K is Hermitian. Then, multiplying both sides in
K = —ilog(U) by i and exponentiating both sides, we obtain the desired relation. O

Exercise 2.57: Cascaded measurements are single measurements

Suppose {L;} and {M,,} are two sets of measurement operators. Show that a measurement defined
by the measurement operators {L;} followed by a measurement defined by the measurement operators
{M,,} is physically equivalent to a single measurement defined by measurement operators {N,,,} with
the representation Ny, = M., L;.

Concepts Involved: Linear Algebra, Quantum Measurement.

Suppose we have (normalized) initial quantum state [¢)g). Then, the state after measurement of L; is
given by definition to be:

Li|bo)

[Y0) = Y1) = ————=.
(0| L} Ly o)

The state after measurement of M,, on |¢1) is then given to be:

M,, Li|tho)
M |2b1) B (%ol L] L o)

: -
\/<¢1\MmMm|¢1> L} (ol MM Li|to)
v (Wol L Li|¢o) v/ (ol L Li|¢o)

1) = [th2) =

_ My Lijto) (ol L] Liltbo)
\/<¢0‘LILZ|¢O> \/<¢0|L;MLMmLIW0>
Mle|1llo>

 Wol L M. Mo L 0)




Conversely, the state of |¢)o) after measurement of N, = M,,, L; is given by:

Mle ¢
|tho) — [3) = - T| i .
\/<1/)0‘L1MmMle|1/’0>
We see that [i9) = [t)3) (that is, the cascaded measurment produces the same result as the single
measurement), proving the claim. O

Exercise 2.58

Suppose we prepare a quantum system in an eigenstate |¢)) of some observable M with corresponding
eigenvalue m. What is the average observed value of M, and the standard deviation?

Solution

Concepts Involved: Linear Algebra, Quantum Measurement, Expectation, Standard Deviation.

By the definition of expectation, we have that:

(M) yy = (WIM[p) = (hIml¢p) = m(P|y) = m

Where in the second equality we use that |¢) is an eigenstate of M with eigenvalue m, and in the last

equality we use that [¢)) is a normalized quantum state. Next, calculating <M2>|w>, we have:

(M) = WM = (IMMI) = GIMIME) = (blmeml) = (olm?h) = m?(W]) = m?.

Note that we have used the fact that M is Hermitian (it is an observable) to use that MT = M and
m* = m as all eigenvalues of Hermitian operators are real. Now calculating the standard deviation, we
have:

A(M) =/ {M?) = (M)* = \/m? — (m)? = 0

Exercise 2.59

H [j

Suppose we have qubit in the state |0), and we measure the observable X. What is the average value of
X7 What is the standard deviation of X7

Solution

Concepts Involved: Linear Algebra, Quantum Measurement, Projective Measurement, Expectation, Stan-
dard Deviation.

By the definition of expectation, we have:

(XD 10y = (01X10) = (0[1) = 0
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Next calculating <X2>|0>, we have:
<X2>m> = (01X X]0) = (1]1) = 1
Hence the standard deviation of X is given by:

A(X) =/(X2)—(X)’=vI-0=1

Exercise 2.60

Show that v - o has eigenvalues 1, and that the projectors into the corresponding eigenspaces are given
by PL=(Ixv-0)/2.

Concepts Involved: Eigenvalues, Projectors.

Let |v) be a unit vector. We already showed in Exercise that v- o has eigenvalues Ay =1, A_ = —1.
We next prove a general statement; namely, that for a observable on a 2-dimensional Hilbert space with
eigenvalues AL = +1 has projectors

I+0
Py = —5
To see this is the case, let Py = |op)Xoy|, P— = |o_Yo_|, I = |ox)Xoy| + |o—Xo—]|, and O =
lo4Xo4| — Jo—¥o—|. We then have that:
I+0 o4 X0+ | — Jo—Xo—
5 _ ‘ +>< +| 5 | >< | — |O+><O+| :P+
120 _ Jo_Yo_| + Jo_Yo_| — losXos| + lo_Yo-|
= = — =|| = P,
. . o Yo-|

Hence the general statement is proven. Applying this to O = v - o (which is indeed Hermitian and hence
an observable as each of X,Y, Z are Hermitian), we get that:

Pi:[:l:;/'lf

as claimed. O

Exercise 2.61

Calculate the probability of obtaining the result +1 for a measurement of v - o, given that the state prior
to measurement is |0). What is the state of the system after measurement if +1 is obtained?




Concepts Involved: Quantum Measurement, Projective Measurement.

We recall from from Exercise [2.35] that:

V3 v — ’L"Ug

V.o = .
V1 + 102 —v3

] = 03 |0X0] + (v1 — iv2) [OX1| + (v1 4 év2) [1X0] — v [1X1].
Hence computing p(+), we get:

() = (01 (3100 + 3 (5100 + (1 +iv)1)

1+ wvs V1 + vy
— o (520 + 22 )

n V1 + V9

_1—|—U3
— Lty

1+ v3

o) = =

so the probability of measuring the +1 outcome is i;’i The state after the measurement of the +1
outcome is given by:

Pij0) _ BERj0)+ g2 1 ((1+ v3)|0) + (v1 + iv2)[1))

Vel /e 2(1+ v3)

10)

Exercise 2.62

H D

Show that any measurement where the measurement operators and the POVM elements coincide is a
projective measurement.

Concepts Involved: Quantum Measurement, Projective Measurement, POVM Measurement.

Suppose we have that the measurement operators M,,, are equal to the POVM elements F,,,. In this case,
we have that:

M,, = E,, = M} M,,

M} M,, is positive by Exercise [2.25] so it follows that M, is positive and hence Hermitian by Exercise
Hence, M, = M,,, and therefore:

M,, = M} M,, = M2,




From which we conclude that M, are projective measurement operators. O]

Exercise 2.63

| r

Suppose a measurement is described by measurement operators M,,. Show that there exist unitary
operators U,, such that M,, = U,,vE,,, where E,, is the POVM associated to the measurement.

Solution

Concepts Involved: Quantum Measurement, POVM Measurement, Polar Decomposition.

Since M,, is a linear operator, by the left polar decomposition there exists unitary U such that:

M,, = U\ M}, M,, = U\/Ey,

where in the last equality we use that M,JF,LMm =FE,,. O

Exercise 2.64

() Suppose Bob is given a quantum state chosen from a set [i1),..., |¢bm) of linearly independent
states. Construct a POVM {Ej, Es, ..., Ep 11} such that if outcome E; occurs, 1 < i < m, then Bob
knows with certainty that he was given the state [¢;). (The POVM must be such that (u;|E;[;) > 0
for each i.)

Solution

Concepts Involved: POVM Measurement, Orthogonality

Let H be the Hilbert space where the given states lie, and let V' be the m-dimensional subspace spanned
by [¥1),...,[tm). Foreach i € {1,...,m}, let W; be the subspace of V' spanned by {|¢;):j #i}. Let
Wil be the orthogonal complement of W; which consists of all states in H orthogonal to all states in ;.
We then have that any vector in V' can be written as the sum of a vector in W; and W;- NV (see for
example Theorem 6.47 in Axler's Linear Algebra Done Right). Therefore, for any |1);) we can write:

i) = |wi) + [pi)

Where |w;) € W; and |p;) € Wt N V. Define E; = %. By construction, we have that for any
) € H:

wiBy = L S

m

so the Es are positive are required. Furthermore, defining F; 11 =1 — Z?ll E; we again see that for any

|) € H:

m m

(PlEip1 ) = (HY) = > WIEilyp) =1 (@|E[p) >1-Y

i=1 =1 i=1

=0

3|~
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so F; 1 is also positive as required. Finally, to see that the Fj, ... E,, have the desired properties, observe
by construction that since |p;) € W;- NV, it follows that (¢;|p;) = 0 for any j # i (as the |p;) will be
orthogonal to all the vectors in {|1;) : j # i} by construction). Calculating (1;|E;|t);), we observe that:

[P )P |<p¢\pi>| 1
i| Eilhs) = ((wi i i i) =———=—20
Wil Buli) = (il + (oil) L2 () + i) = FEPIL =
so if Bob measures E;, he can be certain that he was given the state |¢;). O

Exercise 2.65

Express the states (|0) + |1))/v/2 and (|0) — |1))/v/2 is a basis in which they are not the same up to a
relative phase shift.

Solution

Concepts Involved: Linear Algebra, Phase

Let us define our basis to be |[+) := (|0) + [1))/v/2 and |=) := (|0) — |1))/+/2. Our two states are then
just the basis vectors of this basis (|+),|—)) and are not the same up to relative phase shift. O

Exercise 2.66

Show that the average value of the observable X;Z> for a two qubit system measured in the state

(J00) + |11))/v/2 is zero.

Solution

Concepts Involved: Quantum Measurement, Expectation, Composite Systems

Computing the expectation value of X775, we get:

(X125) = ( (00] + 11|>X1 <00 +|11>)

(00| + 11|> <X122|00 +X1Z211>>
V2

_ E om} 11|> <|10 101) >
5
1
2
=0.

[\)

\V)

({00]10) — (00[01) + (11|10 — (11]01))

(0+0+0+0)
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Exercise 2.67

Suppose V is a Hilbert space with a subspace W. Suppose U : W — V is a linear operator which
preserves inner products, that is, for any |wy) and |ws) in W,

(wi|UTU Jwa) = (w1 |ws)

Prove that there exists a unitary operator U’ : V +— V which extends U. That is, U’ |w) = U |w) for all
|w) in W, but U’ is defined on the entire space V. Usually we omit the prime symbol ’ and just write U
to denote the extension.

Concepts Involved: Linear Algebra, Inner Products, Unitary Operators

By assumption we have that U is unitary on W as (w|UTU|ws) = (wi|ws) and hence UTU = Iyy.
Hence, it has spectral decomposition:

U= Xlikil

where {[;)} is an orthonormal basis of the subspace W. Then, let {|j)} U {]i)} be an orthnormal basis
of the full space V. We then define:

U= 301G+ 3 liXel = U+ 3 il

We can then see that for any |w) € W that:
U'lw) = [ U+ Y liil | lw) = Ulw) + Y [i){ilw) = Ulw)
i J

where in the last line we use that (ilw) = 0 as i) are not in the subspace W. Finally, verifying the
unitarity of U’ we have that:

DT = | 251K+ D 1 ) | 21+ 3 T
LTS EELIED B ILLRAE WIS
= ZJ: i:(jlj%jjf + Z Jiz,<i|i’>6w J
= Z:: Ijj><j| + Z B

=1




Exercise 2.68

Prove that |¢)) # |a)|b) for all single qubit states |a) and |b).

Solution

Concepts Involved: Linear Algebra, Composite Systems, Entanglement.
Recall that:
~100) +|11)

V2

Suppose for the take of contradiction that [1)) = |a)|b) for some single qubit states |a) and |b). Then, we
have that |a) = @|0) + B|1) and |b) = 7|0} + 8|1) for some «, 3,7, 8 € C such that |a|® +|8]* = 1 and
Iv[> +|6]* = 1. We then have that:

|a)|b) = (|0) + B8]1))(7]0) 4 6[1)) = |00 + @d]01) + 57[10) + B4[11).

Where we have used the linearity of the tensor product (though we supress the ® symbols in the above
expression). We then have that:

00) + |11
|) = 100) + [11) = a7|00) + «d|01) + B~|10) + B5|11)
V2
which forces ad = 0 and By = 0. However, we then have that at least one of ay or 39 is also zero, and
we thus reach a contradiction. O

,
\

Exercise 2.69

Verify that the Bell basis forms an orthonormal basis for the two qubit state space.

Solution

Concepts Involved: Linear Algebra, Orthogonality, Bases, Composite Systems.
Recall that the bell basis is given by:

|00) + |11) |00) — |11)

\Bo) _|01) +[10)
\/§ ) 01 ﬁ ) -

_ lo1) - [10)

|B11) 7

|Boo> =
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We first verify orthonormality. We observe that:

(Boo| Boo) = <<OO| il <”|> <|OO>}|”>> = 2 ({00/00) + {00]11) + (11j00) + (11/11)) = 1
(Boo|Bo1) = ( {00 + 11') <|00 \/511 ) = % ((00]00) — (00[11) + (11]00) — (11]11)) =0
(Boo| Bro) = ( 00'\2 11') ('01 \%’10 > _ % ((00[01) + (00[10) + (11]01) + (11]10)) =0
(Boo|Bu1) = ( |\j§ 11') <|01 \/510 > _ % ({00/01) — (00]10) + (11]01) — (11[10)) = 0
(Bo1|Bot) = ( OO|¢§H|> ('00 \/511 ) _ % ((00]00) — (00[11) — (11]00) + (11[11)) =

(Bo1|B1o) = ( OO'\E 11') (|01 \gﬂo ) = % ((00]01) + (00[10) — (11|01) — (11]10)) =0
(Bor|Bua) = ( OO|¢§ 11') ('01 ﬁlo ) - % ((00/01) — (00]10) — (11]01) + (11]10)) = 0
(Bio|Bio) = ( |j§ 10') <|01 \210 > - % ({01]01) + (01]10) + (10]01) + (10/10)) =

(Bio|Bu1) = ( 01'\% 10') ('01 ﬂlo ) - % ({01/01) — (01[10) + (10[01) — (10]10)) =0
(B11|B11) = ( i 10') <|01 10 ) %(<01|01> (01]10) — (10]01) + (10]10)) =

so orthonormality is verified. We know show that it is a basis. Recall that we can write any vector |¢)) in
the 2 qubit state space as:

|¥) = |00) + B|01) + v|10) 4 6]11)
where a, 8,7,6 € C and |a|® 4 |8]* 4+ |y> + |6]° = 1. We then observe that this is equivalent to:

(“}25) |Boo) + (“\}2‘5) |Bor) + (ﬂj;) |Bio) + (/3;;) Bu) (#)

as:

<a+5> |00) + |11 n <a 5) |00) — |11) + (6+’y> |01) 4 |10) + (67) |01) — |10)
V2 2 V2 V2 V2 V2
a a 0 @_a 5 5
B B v BB
<2+2+—>|01> (2 5—1-5 >|10>
= |00) + B|01) + [10) + 6]11) = [1)
Hence () shows that the Bell states form a basis. O
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Exercise 2.70

Suppose F is any positive operator acting on Alice's qubit Show that (¢|E ® I|v¢) takes the same value
when [¢)) is any of the four Bell states. Suppose some malevolent third party (‘Eve’) intercepts Alice's
qubit on the way to Bob in the superdense coding protocol. Can Eve infer anything about which of the
four possible bit strings 00,01, 10,11 Alice is trying to send? If so, how, or if not, why not?

Solution

Concepts Involved: Linear Algebra, Superdense Coding, Quantum Measurement
Let E be a positive operator. We have that E for a single qubit can be written as a linear combination
of the Pauli matrices:

E = a1[+a2X+a3Y+a4Z

To see that this is the case, consider that the vector space of linear operators acting on a single qubit
has dimension 4 (one easy way to see this is that the matrix representations of these operators have 4
entries). Hence, any set of 4 linearly independent linear operators form a basis for the space. As I, X, Y, Z
are linearly independent, it follows that they form a basis of the space of linear operators on one qubit.
Hence any E can be written as above (Remark: the above decomposition into Paulis is possible regardess
of whether E is positive or not).

We then have that:

(Boo|E & I|Bgg) = (<00|+<11|) EQI <00>+|11>)

V2 V2
/(00| + (11] |00) + |11)
= (\/5) ((L1]+GJ2X +Q3Y+G4Z) ®I <\/§>

- <00|+<11| |00)+|11) |10>+|01> z'|10)7i|()1> \00>f\11>
( NG )( N R S Y S Y )

1
:i(a1+a1+a4fa4)

:afl

where in the second last equality we use the orthonormality of {|00), [01), [10),[11) }. Repeating the same
process for the other Bell states, we have:

(Bo1|E ® I|Bo1) = (<00|_\/§<11|) (a1l +asX +a3Y +a4Z2) @1 (|OO>\;§|11>>
/(00| — (11] 00) — |11) |10) — |01) i[10) +4[01) |00) + |11)
( V2 )( N Y R Y. BV )
=%(a1+a1+a4—a4)




01 + 10
(B1o|E ® I|Byg) = | |)

01 10
a1l + a2 X + a3y + a4, 2) Q1 (|>+|>>

(%5 7

( 01|+ 10|> ( 100) +110) i) +J00) i) —ifoo) +a401>\510>>
1

5

v2 v T e

(a1 + a1 + as — aq)

(Bo1|E ® I|Bo1) = (<01|\}2<10|> (a1l +asX +a3Y + a4 Z) 1 (|01>\;§|10>)

_ <01|—<10| |01>—|10> |11>—|OO> i|11>+i|00> \01)—1—\10)
‘( NG )( N B > S Y S Y )

1
=§(a1+a1 —|—a4—a4)
= a‘l
Now, suppose that Eve intercepts Alice's qubit. Eve cannot infer anything about which of the four

possible bit strings that Alice is trying to send, as any single-qubit measurement that Eve can perform on
the intercepted qubit will return the value:

(WIMTM @ I|p)

Where M is the (single-qubit) measurement operator. But, MM is positive, so by the above argument,
the measurement outcome will be the same regardless of which Bell state [¢)) is. Hence, Eve cannot obtain
the information about the bit string. O

Exercise 2.71: Criterion to decide if a state is mixed or pure

Let p be a density operator. Show that tr(pQ) < 1, with equality if and only if p is a pure state.

Concepts Involved: Linear Algebra, Trace, Density Operators, Pure States, Mixed States.
Recall that a density operator p is pure if:

p= Xy

for some normalized quantum state vector |1).

Since p is a positive operator, by the spectral decomposition we have that:
p=> piliXil
i

where p; > 0 (due to positivity) and i) are orthonormal. Furthermore, by the property of density operators,
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we have that tr(p) = 1, hence:

tr(p) = tr Zpi |iXal | = Zpi tr(|iXil) = Zpi =1

where in the second equality we use the linearity of the trace. We obtain that 0 < p; < 1 for each 1.
Calculating p?, we have that:

p* = Zpi i)l Zpi’ i} | = Z mealiﬂili’)@l - ZZPHW |iXd] i = pr o
Hence:
tr(pQ) = szz tr( |2><2|) = ZP? < sz' =1

where in the inequality we use the fact that p? < p; as 0 < p; < 1. The inequality becomes an equality
when p? = p;, that is, when p; = 0 or p; = 1. In order for tr(p) = 1 to hold, we have that p; = 1 for
one 7 and zero for all others. Hence, p in this case is a pure state. Conversely, suppose p is a pure state.
Then:

tr(p?) = tr(19) (i) (l) = tr( Jw)wl) = 1.

O
Exercise 2.72: Bloch sphere for mixed states

The Bloch sphere picture for pure states of a single qubit was introduced in Section 1.2. This description
has an important generalization to mixed states as follows.

(1) Show that an arbitrary density matrix for a mixed state qubit may be written as

_I+r-0'

P B )

Where r is a real three-dimensional vector such that ||r|| < 1. This vector is known as the Bloch
vector for the state p.

(2) What is the Bloch vector representation for the state p = I/27?
(3) Show that a state p is pure if and only if ||| = 1.

(4) Show that for pure states the description of the Bloch vector we have given coincides with that in
Section 1.2.

Solution

Concepts Involved: Linear Algebra, Trace, Density Operators, Pure States, Mixed States




(1) Since {I,X,Y, Z} form an basis the vector space of single-qubit linear operators, we can write (for

any p, regardless of whether it is a density operator or not):
p=a1l +axX + a3y +ay4”

for constants ay, as, a3, as € C. Since p is a Hermitian operator, we find that each of these constants
are actually real, as:

al+aX+asY+aZ=p=p =ail' +a3 X" +a3Y' +alZ =il +alX +alY +a}Z

Now, we require that tr(p) = 1 for any density operator, hence:

tr(p) = tr(a1l + aaX + a3 + a4 Z) = aytr(l) + ag tr(X) + aztr(Y) + ag tr(Z) = 2a; = 1

from which we obtain that a; = % Note that in the second equality we use the linearity of the

trace, and in the third equality we use that tr(f) = 2 and tr(o;) = 0 for ¢ € {1,2,3} (Exercise
2.36). Calculating p?, we have that:

1
=gl + %X + %Y + %Z + %X +a2X? + a2a3 XY + asas X Z

+ ‘;ﬁy +azasY X + a2Y? + aza,Y Z + %42 + 042 Z X + asaz ZY + a2 22

Now, using that {o,0;} = 0 for i,j € {1,2,3}, i # j and that 0 = I for any i € {1,2,3}
(Exercise [2.41)), the above simplifies to:

1
p° = <4+a§+a§+ai)I+a2X+a3Y+a4Z

Taking the trace of p? we have that:

1 1
tr(pQ) = (4 + a3 + a3 + ai) tr(I) + agtr(X) + aztr(Y) + ag tr(Z) = 2 <4 + a3+ a3 + ai)

From the previous exercise (Exercise ) we know that tr(pz) <1, so:

N —

1 1
2(4+a%+a§+ai)§1za%—i—ag—l—aigll:> a3 +a3+ai<

Hence we can write:

I+r, X+r)Y+r,Z I+r-o
p = =
2 2
with [|r]] < 1.
The Bloch representation for the state p = % is the above form with r = 0. This vector corresponds
to the center of the Bloch sphere, which is a maximally mixed state (tr(p2) is minimized, with

tx(%) = 1),
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From the calculation in part (1), we know that for any p:

5 1+ri+r§+r§ 1—|—r§+r§+r§
tr(p)ZQ 4 - 2

if [[r]| = 1, then r2 + 72 + 72 = 1. Hence, tr(p?) = 1 and p is pure by Exercise Conversely,
suppose p is pure. Then, tr(p?) =1, so:

1—&-7‘2—1—7‘2—1—7"3

5 :1:>T§+r§+r§:12||r||:1.

In section 1.2, we looked at states that lie on the surface of the Bloch sphere, which we parameterized

as:
) = COS<Z)|0> +e'¥ sin<g>|1>.

Calculating the density operator corresponding to |¢), we have:

p= 1ol = cos? (3 ) 10401 +cos( 3 ) s e foa

+ Cos(i) sin(Z)ew |1)(0] + sin? (Z) |1)(1]

= cos? (g) |0%0] + sm(G% |0X1] + w |1)(0] + sin? (Z) |1)(1]

I+r-O
2

Conversely, we have that (in the computational basis) our proposed form of p = can be

represented as:

1+, Py = Gy

2

) 1
w% 110 +

p 001 + 01| + - x|

Solving for ry, 7,7, by equating the two expressions for p (using Euler's formula and sin(26) =
2 cos(0) sin(#)), we have:

ry = cos(p)sin(d), r, = sin(p)sin(d), r, =2cos? <g) — 1 =cos(h)

Calculating ||r|| we have that:

lell = /72 72 + 12 = y/cos?(¢7) sin?(6) + sin® () cos?(6) + cos?(6)

= \/sin?(6) + cos2(6)
=1

so we see that indeed, the two definitions coincide for pure states (as ||r|| = 1).

56




Exercise 2.73

(*) Let p be a density operator. A minimal ensemble for p is an ensemble {pi, |1/Jz>} containing a number
of elements equal to the rank of p. Let [¢)) be any state in the support of p. (The support of a Hermitian
operator A is the vector space spanned by the eigenvectors of A with non-zero eigenvalues.) Show that
there is a minimal ensemble for p that contains |¢)), and moreover that in any such ensemble |¢)) must
appear with probability

1

b= (Wil =1 i)’

where p~! is defined to be the inverse of p, when p is considered as an operator acting only on the support
of p. (This definition removes the problem that p may not have an inverse.)

Solution

Concepts Involved: Below, we will use the unitary freedom in the ensemble for density matrices which
is also known as Uhlmann’s theorem. Specifically recall that p = >, pi|i)(¥i| = 32, q;l0;) (| for
ensembles {p;, [¢;)} and {g;,|p;)} if and only if

Vi i) = Zuij\/(Tj lo5)

for some unitary matrix u;;.

Using the spectral decomposition of the density matrix we have
p=> Melk)(k| with A >0
k=1

where all the eigenvectors with eigenvalue 0 have been removed. Thus, the set of vectors S = {\k)};zl
forms a spanning set set for the support of p. An element in the support of p can thus be decomposed as

i) = cinlk) =Y (Kl k)
k k

Assuming that |¢;) occurs with probability p;, we can use the Uhlmann's theorem quoted above to arrive
at the relation

?
VBilv:) =D uirV/Aelk) = Vi y_(klva)k),
k k
which allows us relate the elements of one of the columns (i th) of the unitary matrix to

i/ M = /Bilkli).




Such a relation can always be satisfied for a unitary matrix with dimension r. As u is unitary, we have

zk:‘uikP:l — 1 :;W
IR
- p“; (DalR) (RTs)
1

(il X w ) (Rl i)
1
(Wil o~ i) -

%) = pp™ i)
=) pilt) (Wil eby)
i=1
= " ps(ilp™ W) i)
i=1
But now note that {[¢;)}_, are linearly independent and [1);) := 377 &;;|¢s).
= pi(tilp~ i) = 1.
Thus, the probability associated with the state |4;) in the ensemble is given by

1
N P

Remark:

Exercise 2.74

Suppose a composite of systems A and B is in the state |a) |b), where |a) is a pure state of system A,
and |b) is a pure state of system B. Show that the reduced density operator of system A alone in a pure
state.

Concepts Involved: Linear Algebra, Density Operators, Reduced Density Operators, Partial Trace, Pure
States.

Suppose we have |a)|b) € A ® B. Then, the density operator of the combined system is given as
pA8 = (|a)|b))((a|(b]) = |aXa| ® |b)(b|. Calculating the reduced density operator of system A by tracing




out system B, we have
p* = trp(pas) = tra(|a)al ® [bXb]) = |aXal tr(|BYb]) = |aXal (blB) = |aal .

Hence we find that p# = |a)(a| is indeed a pure state. O

Exercise 2.75

For each of the four Bell states, find the reduced density operator for each qubit.

Concepts Involved: Linear Algebra, Density Operators, Reduced Density Operators, Partial Trace.

For the bell state |Byg), we have the density operator:

_ <|00> + 11>> <<00| + <11|> _ |00)00] + [11)X00] + [00)X11| + [11)11]
V2 V2 2

Obtaining the reduced density operator for qubit A, we have:

trp(]00X00]) + trp(|00)(11]) + trp(11X00]) + trp(|11)11[)

pt =trp(p) = 5
_10X0[(0]0) + [0X1[ (1]0) + |1XO] {0[1) + [1X1|(1[1)
2
_ |0Xo] + [1X1|
2
1
~ 2

Obtaining the reduced density operator for qubit B, we have:

_ tra(]00)00]) + tra( J00)X11]) + tra( [11X00]) + tra( [11K11)

p” =tra(p) 5
_ {00} [0X0[ + (1]0) [0X1] + (0]1) [1XO] + (1]1) [1)(1|
2
_ 10X0[ + [1X1]
2
1
T2




We repeat a similar process for the other four bell states. For |By1), we have:

. <|00) — |11)> (<00| = (11> _ |00X00] — [00)(11] — |11)X00| + |11)11]

V2 V2 2
oA = trp(100X00]) — trp(00X11[) — trp(|11)00]) + trp([11)X11])
2
_ 10X0[{0[0) — [0X1] {1]0) — [1XO[ {O[1) + [1)L| {1[1)
2
1
T2
pr tra(100X00[) — tra(J00X11]) — tra([11)00]) + tra([11)X11[)
2
_ (0]0) [0XO[ + (10} [0)1| + {O[1) [1XO] + (1[1) [1X1]
2
T
T2

For |B1g), we have:

B <|01> + |10>> (<o1| + <1o> _ |01)01] + |01)10] + [10)01] + [10X10]
B V2 V2o ) 2
A — trp(101X01]) + tra(J0LX10]) + trp(|10X0L)) + trp( [10X10)
2
_ 10XO[ {1[+) [0xX1] O]1) + [1XO[ {1]0) + [1X1]{0[0)
2

I
2
tI“A
pB

(101X01]) + tra(]01)10]) + tra(|10XO1]) + tra(]10)10])
2

(010) [1X(1] + (110) [1XO[ + (O]L) [OXL| + (1[1) [1X1]

2
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Finally, for |B11) we have:

. <|01) — |10)> (<01| — <10> _ [01X01| — |01)10] — |10)X01| + |10)10|

VZ V2 2
A _ trp([0101]) — trp(01)10]) — trp(JLONOL) + trp(|10K10)
2
_ 10X0] (1|} [0)(1] (0]} — [1X0] {Lj0) + [1)1] (0[0)
2
B I
=3
Jp _ ra(0101])  tra([01)10)  tra(J10)01)) + tra(|10)10)
2
_ (0]0) [1)(1] = (1]0) [1)0] — (0]1} [0XL] + {LJ1) |LX1|
2
_ I
=3

Exercise 2.76

H [j

Extend the proof of the Schmidt decomposition to the case where A and B may have state space of
different dimensionality.

Concepts Involved: Schmidt Decomposition, Singular Value Decomposition.

Note that for this problem we will use a more general form of the Singular Value Decomposition than
proven in Nielsen and Chuang (that may have been encountered in a linear algebra course). Given an
arbitrary m x n rectangular matrix A, there exists an m x m unitary matrix U and n X m unitary matrix
V such that A = UXV where X is a m X n rectangular diagonal matrix with non-negative reals on the

diagonal (see https://en.wikipedia.org/wiki/Singular_value_decomposition).

Let |m), |n) be orthonormal bases for A and B. We can then write:
A= mn|m)|n)

for some m x n matrix of complex numbers a. Using the generalized SVD, we can write:

min
where d;; is a rectangular diagonal matrix. We can then define i) = > umi|m), |ig) = >, win|n),
and \; = d;; to yield the Schmidt decomposition. Note that we take ¢ = min(m,n) and our sum only
has as many terms as the dimensionality of the smaller space. O



https://en.wikipedia.org/wiki/Singular_value_decomposition

Exercise 2.77

(*) Suppose ABC' is a three component quantum system. Show by example that there are quantum
states |t)) of such systems which can not be written in the form

V) = Z Ailia)lis)lic)

where \; are real numbers, and |i4), |iB), [ic) are orthonormal bases of the respective systems.

Concepts Involved: Linear Algebra, Schmidt Decomposition.

Consider the state:

|000) + |011)
0) ® | By B
l¥) = |0) ® [Boo) = 5
we claim that this state cannot be written in the form:
= " Ailia)lis)lic)

for orthonormal bases |ia), |ig), |ic). Suppose for the sake of contradiction that we could write it in this
form. We then make the observation that:

p? = trpe(|v)Xyl) ZA liaXial
p® = trac([¥)y]) ZV lip)iBl

p¢ = trap(|[¥)X¢)) ZA licXicl -

From this, we conclude that if it is possible to write |¢) in such a form, then the eigenvalues of the reduced
density matrices must all agree and be equal to A2. Computing the density matrix of the proposted
[¢) = |0) ® | Boo), we have:

~|000)000] + |000%011| 4+ [011){000] + |011)(011|
o 2

Computing the reduced density matrices p” and pZ, we find that:

p* =trpc(p) = |0X0]

0)X0] 4 |1)X1
P =) = 10 1001
However, the former reduced density matrix has eigenvalues A} = 1, A3 = 0, and the latter has \} = 3
A} = 1. This contradicts the fact that the A?s must match. O




Remark: Necessary and Sufficient conditions for the tripartite (and higher order) Schmidt decompositions
can be found here https://arxiv.org/pdf/quant-ph/9504006 . pdf.

Exercise 2.78

Prove that a state |¢)) of a composite system AB is a product state if and only if it has a Schmidt number
1. Prove that |1) is a product state if and only if p** (and thus p?) are pure states.

Concepts Involved: Linear Algebra, Schmidt Decomposition, Schmidt Number, Reduced Density Oper-
ators.

Suppose |¢)) is a product state. Then, [)) = |04)|05) for some |[04),|05), and we therefore have that
|1) has Schmidt number 1 (it is already written in Schmidt decomposition form, and has one nonzero \).
Conversely, suppose [¢) has Schmidt number 1. Then, |1)) = 1|04)|05) + 0|1.4)|15) when writing |¢) in
its Schmidt decomposition. Therefore, |tp) = |i4)|ig) and |¢) is a product state.

Next, take any |¢)) and write out its Schmidt decomposition. We then get:

Y) = Z Ailia)lig).
Hence:

p= ZA% lia)ial ® |ipXip|.

Taking the partial trace of p to obtain p“, we have:

pA:trB ZA2tr3 liaXial ® ligXiB]|) Z)\2 liaX zA|tr lip) zB| Z)\Q liaXial.

Identically:
pP =tralp) =Y N lipXis|.

Now, suppose that |¢) is a product state. Then, |¢)) has Schmidt number 1. Hence, only one of Ay, Ay is
nonzero. Hence, pA = |is)ia| and p? = |ip)i B are pure. Conversely, suppose p?, p?
pure. Then, we have that p = |ia)(ia| and p? = |ig)ip|, so it follows that one of A1, Az in the above
equations for p?, p% must be zero. Therefore, |t)) has Schmidt number 1, and is hence a product state.
O



https://arxiv.org/pdf/quant-ph/9504006.pdf

Exercise 2.79

Consider a composite system consisting of two qubits. Find the Schmidt decomposition of the states

00) + [11)  J00) + [01) + [10) + [11) . ]00) + [01) + |10)
V2o 2 ’ V3

Concepts Involved: Linear Algebra, Schmidt Decomposition, Reduced Density Matrices, Partial Trace.

For the first two expressions, by inspection we find that:

100) + 1) _ 1
0 00+ =i
00+ 0L L WO+ Y _ 1149149 + 0131

For the third expression, we require a little more work. We first note that the existence of the
Schmidt decomposition guarantees that the state |¢)) = w can be written in the form
[y = Z?:l Ailia)|ig) for some choice of orthonormal bases |ia),|ig). By the definition of reduced
density matrices/partial trace, we can make the observation that:

2

pt =trp(p) = tra([)w]) = Y A7 liaXial tra(lis)isl) ZA lia)ial

g=il

and similarly that p? = Z?:1 A? |ig)ip|. Hence, to find the Schmidt decomposition of |¢)), we can
1). First

compute the reduced density matrices and then solve for their eigenvalues \?
solving for p, we have:

_ 100)X00] + 00X01] + [00X10| + [01)00] + [01)01] + [01)(10] + [10)00| + [10)01] + [10)10]
3

Solving for the reduced density matrix p* we have:

pt =trp(p) =

2040+ 10)1] + [1X0] + [1)1] , 1 lz 11
3 3

Solving for the eigenvalues and (normalized) eigenvectors, we have:

2_3—|-\/g _ 1
X = ,|1A>_710+Qﬁ((1+ﬁ)|0>+2|1>)
2_3—\/5 _ 1
== ,|2A>—ilo_m((l—x@nowmw).




Next solving for the reduced density matrix p”, we have:

0P = tr4(p) = 2|0)(0] + |O)1] + |1)0] 4+ |1)1] 7; lg 1] |

3 1 1

This (of course) has the same eigenvectors and eigenvalues:

% = 208 15 = o (4 VB0 + 2)
3= 25 ) =~ (1= VB0 + 2).

Hence the Schmidt decomposition of |i) is given by:
) = A1l1a)|1B) + A2|24)|2B)

where the expressions for the eigenvalues/eigenvectors are given above. O

Exercise 2.80

Suppose [¢) and |p) are two pure states of a composite quantum system with components A and B, with
identical Schmidt coefficients. Show that there are unitary transformations U on a system A and V on
system B such that |¢) = (U ® V)|y).

Concepts Involved: Linear Algebra, Schmidt Decomposition, Unitary Operators.

We first prove a Lemma. Suppose we have two (orthonormal) bases {|i)},{]i’)} of a (n-dimensional)
vector space A. We claim that the change of basis transformation U where |i') = U|3) is unitary.

To see this is the case, let U = ), [i')(i|. By orthonormality, we see that Uli) = |i’) as desired.
Computing UT, we have that UT = >,(|¢)i[)T = Y, |iXi’|. By orthonormality, we then see that
UTU =Y, |iXi| = I and hence U is unitary.

We now move onto the actual problem. By assumption, we can write [¢)) = Y. Ailia)|ig) and |¢) =
Zj Ajlja)ljp) where A; = A; if ¢ = j. By the lemma, there exists unitary change-of-basis matrices U, V'
such that |i4) = U|ja) and |ig) = V|jp). Hence, we have that:

ZA lia)lis) ZA Ulia))(VIis)) = U e V)Y Xlialis) = (U V)le)

J

which is what we wanted to prove. O

Exercise 2.81: Freedom in purifications

Let |AR;) and |AR,) be two purifications of a state p to a composite system AR. Prove that there
exists a unitary transformation Ug acting on system R such that |[AR;) = (14 ® Ugr)|ARz2).
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Concepts Involved: Linear Algebra, Schmidt Decomposition, Purification, Unitary Operators

Let |AR;),|ARs) be two purifications of p# to a composite system AR. We can write the orthonormal
decomposition of p4 as pA = 3", p; |i)}(i*|, from which it follows that we can write:

AR = 37 VBl
[ARo) = 3 VA"

for some bases {[i)}, {|i’)} of R. By the Lemma proven in the previous exercise, the transformation Ug
such that |i) = Ug|i’) is unitary, so hence:

|AR;) = Z VPl = Z VPilit) (Ugli'®y) = Z VPiLali*)) (UR|i'®))
= (Ia®Ur) Z N/ )

= (Ia ® Ur)|AR2)

which proves the claim. O

Exercise 2.82

Suppose {p;, |1;) } is an ensemble of states generating a density matrix p = >, p;[1/;)(¢;] for a quantum
system A. Introduce a system R with orthonormal basis |7).

(1) Show that .. /pi|vi)|i) is a purification of p.

(2) Suppose we measure R in the basis |i), obtained outcome 7. With what probability do we obtain
the result 7, and what is the corresponding state of system A?

(3) Let |AR) be any purification of p to the system AR. Show that there exists an orthonormal basis
|#) in which R can be measured such that the corresponding post-measurement state for system A
is |t;) with probability p;.

Concepts Involved: Linear Algebra, Purification, Schmidt Decomposition.




(1) To verify that } . \/piltbs)|i) is a purification, we see that:

trr (Z mw»m) (Z \/@<wj|<j|> =D Vs [Yi)es| trr(li) )
=22 VB W16,
=D /P il
- Zp i)
= pz

(2) We measure the observable M; = I, ®) ", P, = Ia®)_, |i)i]. The probability of obtaining outcome
i is given by p(i) = (AR|(14 ® P;)|AR) (where |AR) = >, \/pi|¥:)|i)), which we can calculate to
be:

p(i) = (AR|(1a ® [i)i|)|AR)
= (Z \/17j<¢j|<j> (La ® [i)i]) (Z @WH@)
J k
= ZZ VPV PE (5 |Vk) 50
=P

The post measurement state is given by:

(In ® P)|AR) _ (Ia® [iXi]) X0, /Bil¥ili)
(i) VDi
2 VPili)0i
- VPi
_ VDilYa)ld)

i
= |yhi)]4)

so the corresponding state of system A is |¢;).

(3) Let |AR) be any purification of p to the combined system AR. We then have that |AR) has Schmidt
Decomposition:

|AR) = Z Ailia)|ir)

for orthonormal bases |i4), [ir) of A and R respectively. Define a linear transformation U such that
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Ailia) =32, Uijpjlib;). We then have that:

JAR) =Y > Uiipslby) | lir) =D pilws) > Usslir)-
i j j i
We note that we can move the U;; to system R as R has the same state space as A by construction.
Letting |j) = >, Uij|ir) be our orthonormal basis of R, the claim follows (by part (2) of the

question.

Problem 2.1: Functions of the Pauli matrices

H D

Let f(-) be any function from complex numbers to complex numbers. Let n be a normalized vector in
three dimensions, and let 6 be real. Show

f(0) + f(=0)
2 2

. sowton

Concepts Involved: Linear Algebra, Spectral Decomposition, Operator Functions.

f(bn o) =

From Exercise [2.35] we recall that n - o has spectral decomposition n- o = |ni)Xni| — |[n_}n_|. We
then have that (by the definition of operator functions):

f0n- o) = f (0(InsXni| — [n-Xn_|)) = £(0) Iny Xni| + f(=0) [n_)n_].

We then use the fact proven in the solution to Exercise that we can write the projectors Py = |ni)}n4|
in terms of the operator n - o as:

I+n-o

Ina)nel = ==

Hence making this substitution we have:

I+n-o I—n-o
fom- ) = 16) (F5-) + 10 (5.
Grouping terms, we obtain the desired relation:

f(0) + f(=9)
2 2

J(on- o) =

Remark:
Arguably, the most used application of the above identity in quantum information is when f(fn - o) =




exp{i(#/2)n- o }. In this case (as in Exercise [2.35), we have

) = exp{6/2} —l—;xp{—&/Q}I N exp{6/2} —2exp{—9/2}n o

= cos Q I +isin Q n-
= col > ) 5 o

Problem 2.2: Properties of Schmidt numbers

exp{i(6/2)n

Suppose |1)) is a pure state of a composite system with components A and B.

(1) Prove that the Schmidt number of |¢) is equal to the rank of the reduced density matrix pg =
trp(|Y)(¥|). (Note that the rank of a Hermitian operator is equal to the dimension of its support.)

(2) Suppose [¢) = >, |;)|B;) is a representation for [¢)), where |a;) and [3;) are (un-normalized)
states for systems A and B, respectively. Prove that the number of terms in a such a decomposition
is greater than or equal to the Schmidt number of |¢)), Sch(v).

(3) Suppose |¢) = alp) + B|7y). Prove that

Sch(v) > |Sch(p) — Sch(v)]

Concepts Involved: Linear Algebra, Schmidt Decomposition, Schmidt Number, Reduced Density Oper-
ators.

(1) We write the Schmidt decomposed [¢/), and therefore the density matrix py, as:
Z)\ lia) liB) = [¥X¥] = Z)\2 lia)Xial ® |iBXiB|

Taking the partial trace of subsystem B in the |ip) basis, we obtain the reduced density matrix p4
to be:

pa = tre([¥)Y]) ZAQ liaXial

Sch(v) of the A;s are nonzero, and therefore p4 has Sch(t)) nonzero eigenvalues - therefore the
rank of its support is Sch(v)).

(2) Suppose for the sake of contradiction that some decomposition |i) = Zjvzl |ovj ) |B;) had less terms
than the Schmidt decomposition of [¢)), i.e. N < Sch(v).
The density matrix of [¢) is:

N

py =Xl = D oy Xow| ®|8;XBx| (1)

j=1,k=1




Tracing out subsystem B, we obtain the reduced density matrix of subsystem A:

pa=Tip(py) = D |agXow|(B;|Bk) (2)

j=1,k=1

where we have used that Tr(|31)(32]) = (B1]82). From the above, it is clear that p4 has rank at
most N, as the support of p4 is spanned by {|a1) ..., |an)}. But then the rank of py4 is less than
Sch(v), which contradicts our finding in part (a).

(3) If Sch(p) = Sch(~) then there is nothing to prove as Sch()) is non-negative by definition. Suppose
then that Sch(p) # Sch(vy). WLOG suppose Sch(y) > Sch(vy). We can then write:

9 =2 - 1w

If we Schmidt decompose |p) and |¢)), we have written |p) as the sum of Sch(vy) + Sch(¢) (unnor-
malized) bipartite states. Applying the result from part (2) of this problem, we then have that:

Sch(y) < Sch(y) + Sch(t)
which we rearrange to obtain:
Sch(y) > Sch(p) — Sch(y) = [Sch(y) — Sch(v)]

which proves the claim.

Problem 2.3: Tsirelson’s inequality

Suppose Q@ =q-0, R=r-0, S=s-0,T =t-o0, where q,r,s, and t are real unit vectors in three
dimensions. Show that

(Q®S+R®S+RIT-QRT) =41+[Q,R)®[S,T]
Use this result to prove that
QRS8)+(R®S)+(RT)— (QRT) <2v2

so the violation of the Bell inequality found in Equation (2.230) is the maximum possible in quantum
mechanics.

\. J

Concepts Involved: Tensor Products, Commutators
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We first show that N2 = I for any N = n-o where n is a unit vector in three dimensions. We have that:

3
N2 = (Z TLi(Ti)z
i=1
= Tl%()’% + n%og + ngog —+ 77,1712(0’102 + 020’1) —+ n1n3(0103 —+ 0'30'1) —+ n2n3(020'3 —+ 0'302)
By Exercise o? =1 and {0;,0;} =0 for i # j, so the above reduces to:
N2 =2l 4+ nil+nil=n2+n3+nd)l=1
where we use the fact that n is of unit length. Using this fact, we have that:

(Q®S+RRS+RIT-QRT) > =Q*’®5*+QR®S*+QR® ST - Q*® ST
+RQRS*+R’®S5?+R?®ST - RQ®ST
+RQITS+R*’QTS+R*®T? - RQ ® T?
—Q?’®TS—QR®TS—QR®T?+ Q*® T?
=IQI+QRRI+QRRST -1 ST
+ROQRI+I®RI+I®ST - RQ®ST
+RQATS+I®TS+IQI—RQQI
—I®TS—QR®TS —QRQI+IQI
=4I I+ RQXTS —RQRST+QR®ST -QR®TS
=4I+ QR® (ST —TS) — RQ ® (ST —TS)
=4I+ [Q,R|®[S,T]

which proves the first equation. We have that (41) = 4 (I) = 4. Since each of Q, R, S, T have eigenvalues
+1 (Exercise [2.35)), we also ave that ([Q, R] ® [S,T]) < 4 as the tensor product of commutators consists
of 4 terms, each of which has expectation less than or equal to 1. We therefore have by the linearity of

expectation (Exercise that:
<@®S+R®S+R®T—Q®ﬂ$:QH+@M®WIDg&
Furthermore, we have that:
(Q®S+R8S+RAT-QaT) <((QeS+R®S+R8T-QaT))
so combining the two inequalities we obtain:
(QeS+R®S+ROT-QaT))” <8
Taking square roots on both sides, we have:

(Q®S+R®S+RT-Q®T)) <2V2
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and again by the linearity of expectation:
QR8)+(R®S)+(RT) - (QeT) <2V2

which is the desired inequality.
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3 Introduction to computer science

Exercise 3.1: Non-computable processes in Nature

How might we recognize that a process in Nature computes a function not computable by a Turing
machine?

Solution

Concepts Involved: Turing Machines.

One criteria is natural phenomena that appear to be truly random; Turing machines as defined in the text
are deterministic (though there are probabilistic variations that would solve this issue) and hence would
not be able to compute a random function. From a more direct point, if a process in Nature was to
be found to compute a known non-computable problem (e.g. solve the Halting problem or the Tiling
problem) then we may conclude (trivially) that the process would not be computable. However since the
domain of inputs that we could provide top such a natural process would have to be finite, there would be
no concrete method in which one could actually test if such a process was truly computing a non-Turing
computable function (as a Turing machine that works on a finite subset of inputs for an uncomputable
problem could be devised). O

Exercise 3.2: Turing numbers

Show that single-tape Turing machines can each be given a number from the list 1,2, 3, ... in such a way
that the number uniquely specifies the corresponding machine. We call this number the Turing number
of the corresponding Turing machine. (Hint: Every positive integer has a unique prime factorization
PI'P3? ... ppF, where p; are distinct prime numbers, and @y, ... a; are non-negative integers.)

Exercise 3.3: Turing machine to reverse a bit string

Describe a Turing machine which takes a binary number x as input, and outputs the bits of x in reverse
order. (Hint: In this exercise and the next it may help to use a multi-tape Turing machine and/or symbols
other than ,0,1 and the blank.)

Exercise 3.4: Turing machine to add modulo 2

Describe a Turing machine to add two binary numbers = and y modulo 2. The numbers are input on the
Turing machine tape in binary, in the form z, followed by a single blank, followed by a y. If one number
is not as long as the other then you may assume that it has been padded with leading Os to make the two
numbers the same length.

Exercise 3.5: Halting problem with no inputs

Show that given a Turing machine M there is no algorithm to determine whether M halts when the input
to the machine is a blank tape.




Exercise 3.6: Probabilistic halting problem

Suppose we number the probabilistic Turing machines using a scheme similar to that found in Exercise 3.2
and define the probabilistic halting function h,(z) to be 1 if machine z halts on input of z with probability
at least 1/2 and 0 if machine x halts on input of = with probability less than 1/2. Show that there is no
probabilistic Turing machine which can output h,(z) with probability of correctness strictly greater than
1/2 for all z.

Exercise 3.7: Halting oracle

Suppose a black box is made available to us which takes a non-negative integer x as input, and then
outputs the value of h(x), where h(-) is the halting function defined in Box 3.2 on page 130. This type
of black box is sometimes known as an oracle for the halting problem. Suppose we have a regular Turing
machine which is augmented by the power to call the oracle. One way of accomplishing this is to use a
two-tape Turing machine, and add an extra program instruction to the Turing machine which results in the
oracle being called, and the value of h(z) being printed on the second tape, where x is the current contents
of the second tape. It is clear that this model for computation is more powerful than the conventional
Turing machine model, since it can be used to compute the halting function. Is the halting problem for
this model of computation undecidable? That is, can a Turing machine aided by an oracle for the halting
problem decide whether a program for the Turing machine with oracle will halt on a particular input?

Exercise 3.8: Universality of NAND

Show that the NAND gate can be used to simulate the AND, XOR, and NOT gates, provides wires, ancilla bits
and FANOUT are available.

Solution

Concepts Involved: Logic Gates.

We start by showing how we can get a 1 qubit using two 0 ancilla bits and a NAND gate.

0
1

We will now show how to simulate the NOT, AND, and XOR gates. We note that we will use “1" to denote
as shorthand a 1 bit constructed using two ancilla bits (as above). a/b represent the input bits. We start
with the NOT gate.

Next, we simulate the AND gate.

:
alAb
b:' : 1:' :

For the XOR simulated gate, we note that we first use FANOUT twice to copy both input bits.




a4
1- b
b a
14

Having simulated the three gates using the NAND gate only, we conclude that the NAND is universal. [

adb

Exercise 3.9

Prove that f(n) is O(g(n)) if and only if g(n) is Q(f(n)). Deduce that f(n) is ©(g(n)) if and only if
g(n) is ©(f(n)).

Solution

Concepts Involved: Asymptotic Notation.
Suppose f(n) is O(g(n)). Then, there exists ¢ > 0 such that for all n > ng, f(n) < cg(n). Therefore,
we have 2 > 0 such that for all n > ng, 1f(n) < g(n). Hence, g(n) is Q(f(n)). Conversely, if g(n) is
Q(f(n)), there exists ¢ > 0 such that for all n > ng, cf(n) < g(n). Hence, we have > 0 such that for
all n > ng, f(n) < 1g(n) and hence f(n)is O(g(n)).

Therefore, if f(n) is ©(g(n)) then f(n) is O(g(n)) and Q(g(n)), and by the above argument, g(n) is
O(f(n)) and (f(n)) and hence g(n) is ©(f(n)). The converse holds in the same way. O

,
\

Exercise 3.10

Suppose g(n) is a polynomial of degree k. Show that g(n) is O(n') for any [ > k.

Solution

Concepts Involved: Asymptotic Notation.

By assumption, g(n) = ap + aint + agn? + ... + apn® with ay # 0. For n > 1 we have that nt > nk if
I >k, and hence if I > k we have that a;n’ > a;n’ for all i € {0,...,k}. Therefore, we have that:

(ap+ay+ ... +ap)n' > ag +an' + ...+ apn® = g(n)

for n > 1 and hence g(n) is O(n'). O

r
\

Exercise 3.11

Show that logn is O(n*) for any k > 0.
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Concepts Involved: Asymptotic Notation.

Let £ > 0 and ¢ > 0. By the definition of the exponential we have that:

exp (cnk) = i) (m;f)j = i

= ]:O

akj Tij

g!

now, there exists some jo € Z for which kjo > 1. Since for n > 0 the terms in the above sum are
non-negative, we find:

" ckiopkio
exp(cn ) > —
Jo:
Now, choose ¢ sufficiently large such that ¢¥%0 > jo!. We then find that:

kjop,kjo

con 3

exp (an> > ' > nkio
Jo:

Then for n > 1 it follows that n*% > n as kj, > 1 and so:
exp(cnk) >n
Since the logarithm is monotonic, we may take the log of both sides and preserve the inequality:
enf > logn

So we have shown that for any k > 0, there exists ¢ > 0 such that for all n > 1, enk > logn. Hence,
logn is O(n*) for any k > 0. O

Exercise 3.12: n!°¢" is super-polynomial

Show that n* is O(n!°9™) for any k, but that n'°8™ is never O(n*).

Concepts Involved: Asymptotic Notation.

First, note that for any k, ek < n for sufficiently large n > ng and so k < logn by monotonicity of the
logarithm. Therefore, for n > ny it follows by monotonicity (of exponentiation) that n* < n!°8™ and so
n¥ is O(nlo8™).

Now, consider an arbitrary a > 0. It still follows for sufficiently large n > ng that e** < n and so
ak < logn and n®n* < nl°e™  But for any ¢ > 0 n® > c for sufficiently large n and so:

an < nlog n

So since for any ¢ > 0 there exists some nj, for which n > n{, implies en® < nl°8™ it follows that n'°2"
is never O(n¥). O
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Exercise 3.13: n!°¢" is sub-exponential

Show that c™ is Q(n!°8™) for any ¢ > 1, but that n!'°8™ is never Q(c").

Concepts Involved: Asymptotic Notation.

First note from Exercise 1.11 that logn is O(n*) for any k > 0. Specifically, take k = 1/2; then there
exists a > 0 such that for n > ng:

ant/? > logn
and therefore squaring both sides:
logn

a’n > lognlogn = logn

. 2 5
Now for any ¢ > 1, we can define a’ = 1ggc > 0 and write:

na’ log e = log ™ > log n'°&™

Exponentiating both sides preserves the inequality, and so:
Cna' _ Ca'cn > nlogn

and so there exists a constant C—i, > 0 such that for n > ng, " > C%nlog” and therefore ™ is Q(n!°8").
Now, let b > 0 be some arbitrarily small constant. For sufficiently large n, we have that na'logc+logb > 0
and so for sufficiently large n it further follows that:

log b + na' log ¢ = log (bc"“,) > log n'°s"
where a’ is defined as it was previously. Therefore exponentiating both sides:
bcna' _ bca’cn > nlogn

so for sufficiently large n, for any arbitrarily small constant b’ it follows that &’c™ > n!°¢™ and so n'°8" is
never Q(c™). O

Exercise 3.14
Suppose e(n) is O(f(n)) and g(n) is O(h(n)). Show that e(n)g(n) is O(f(n)h(n)).

Concepts Involved: Asymptotic Notation.

By assumption, we have that e(n) < ¢q f(n) for some ¢; > 0 and for all n > n; and that g(n) < c3h(n)




for some ¢ > 0 and for all n > ny. Let ng = maxny,ny. We then have that for n > ng that:
e(n)g(n) < c1f(n)ezh(n) = (c1c2)(f(n)h(n))

so therefore e(n)g(n) is O(f(n)h(n)). O

Exercise 3.15: Lower bound for compare-and-swap based sorts

Suppose an n element list is sorted by applying some sequence of compare-and-swap operations to the list.
There are n! possible initial orderings of the list. Show that after & of the compare-and-swap operations
have been applied, at most 2* of the possible initial orderings will have been sorted into the correct order.
Conclude that 2(nlogn) compare and swap operations are required to sort all possible initial orderings
into the correct order.

Solution

Concepts Involved: Asymptotic Notation, Compare-and-Swap.

We prove the first statement by induction. After 0 steps, we have that 1 = 2° out of the n! possible
orderings are already sorted. Let & € N,k > 0 and suppose that after k swaps, at most 2* of the initial
orderings have been sorted into the correct order. We now consider the state of the list after the k + 1th
swap. Each of the 2 initial orderings from the previous step are correctly sorted already (so the swap does
nothing), and there are a further 2% initial orderings that are one swap away from the 2* from the previous
step, and hence the k 4 1th swap will put 2* more initial orderings into the correct order. Therefore, after
2k+1 compare and swaps, there are at most 2% 4 2% = 2k+1 possible initial orderings that are sorted into
the correct order. This proves the claim.

Using the above fact, we have that in order to have all n! possible initial orderings correct after k
steps that 2¥ > nl. Taking logarithms on both sides, we have that log(2*) > log(n!) and hence k >
log(n!). Using Stirling's approximation for factorials (https://en.wikipedia.org/wiki/Stirling},
27s_approximation), we have that:

k > nlogn —nloge + O(logn)

from which we conclude that k is Q(nlogn) and hence Q(nlogn) compare and swap operations are
required to sort all possible initial orderings into the correct order. O

Exercise 3.16: Hard-to-compute functions exist

Show there exist Boolean functions on n inputs which require at least 2™/ log n logic gates to compute.

Exercise 3.17

Prove that a polynomial-time algorithm for finding the factors of a number m exists if and ony if the
factoring decision problem is in P.

Exercise 3.18

Prove that if coNP # NP then P # NP.



https://en.wikipedia.org/wiki/Stirling%27s_approximation
https://en.wikipedia.org/wiki/Stirling%27s_approximation

Exercise 3.19

The Reachability problem is to determine whether there is a path between two specified vertices in a
graph. Show that Reachability can be solved using O(n) operations if the graph has n vertices. Use
the solution to Reachability to show that it is possible to decide whether a graph is connected in O(n?)
operations.

Exercise 3.20: Euler’'s theorem

Prove Euler's theorem. In particular, if each vertex has an even number of incident edges, give a construc-
tive procedure for finding an Euler cycle.

Exercise 3.21: Transitive property of reduction

Show that if a language L; is reducible to the language Lo and the language L5 is reducible to Ls then
the language L1 is reducible to the language Ls.

Exercise 3.22

Suppose L is complete for a complexity class, and L’ is another language in the complexity class such
that L reduces to L’. Show that L’ is complete for the complexity class.

Exercise 3.23

Show that SAT is NP-complete by first showing that the SAT is in NP, and then showing that CSAT
reduces to SAT.

Exercise 3.24: 2SAT has an efficient solution

Suppose @ is a Boolean formula in conjunctive normal form, in which each clause contains only two literals.

(1) Construct a (directed) graph G(y) with directed edges in the following way: the vertices of G
correspond to variables xz; and their negations —z; in . There is a (directed) edge (a, 8) in G if
and only if the clause (—a:V §) or the clause (8 A —a) is present in . Show that ¢ is not satisfiable
if and only if there exists a variable = such that there are paths from x and —z and from —x to z

in G(¢).

(2) Show that given a directed graph G containing n vertices it is possible to determine whether two
vertices v; and vy are connected in polynomial time.

(3) Find an efficient algorithm to solve 2SAT.

Exercise 3.25: PSPACE C EXP

The complexity class EXP (for exponential time) contains all decision problems which may be decided
by a Turing machine running in exponential time, that is time O(2"k), where k is any constant. Prove
that PSPACE C EXP. (Hint: If a Turing machine has [ internal states, an m letter alphabet, and uses
space p(n), argue that the machine can exist in one of at most ImP(™) different states, and that if the
Turing machine is to avoid infinite loops then it must halt before revisiting a state.)
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Exercise 3.26: L C P

The complexity class L (for logarithmic space) contains all decision problems which may be decided by a
Turing machine running in logarithmic space, that is, in space O(log(n)). More precisely, the class L is
defined using a two-tape Turing machine. The first tape contains the problem instance, of size n, and is a
read-only tape, in the sense that only program lines which don't change the contents of the first tape are
allowed. The second tape is a working tape which initially contains only blanks. The logarithmic space
requirement is imposed on the second, working tape only. Show that L C P.

Exercise 3.27: Approximation algorithm for VERTEX COVER

Let G = (V, E) be an undirected graph. Prove that the following algorithm finds a vertex cover for G
that is within a factor of two of being a minimial vertex cover.

VC =10
E' =F
while E' = () do

let (o, B) be any edge of E’

VC =VCU/{a,p}

remove from E’ every edge incident on « or 3
end
return VC

Exercise 3.28: Arbitrariness of the constant in the definition of BPP

Suppose k is a fixed constant, 1/2 < k < 1. Suppose L is a language such that there exists a Turing
machine M with the property that whenever x € L, M accepts = with probability at least k£, and whenever
x & L, M rejects x with probability at least k. Show that L € BPP.

Exercise 3.29: Fredkin gate is self-inverse

Show that applying two consecutive Fredkin gates gives the same outputs as inputs.

Concepts Involved: Fredkin Gates. Recall the input/output table of the Fredkin gate:

Inputs Outputs
a b cld V ¢
00 0|0 0 O
00 1[0 0 1
01 0]0 1 O
0O 1 1|1 0 1
1 0 0|1 0 O
1 0 10 1 1
1 1 0|1 1 O
1 1 1|1 1 1




F[F[(0,0,0)]] = F[(0,0,0)] = (0,0,0)
F[F[(0,0,1]] = F[(0,0,1)] = (0,0,1)
F[F[(0,1,0]] = F[(0,1,0)] = (0,1,0)
F[F[(0,1,1)]] = F[(1,0,1)] = (0,1,1)
F[F[(1,0,0)]] = F[(1,0,0)] = (1,0,0)
F[F[(1,0,1)]] = F[(0,1,1)] = (1,0,1)
F[F[(1,1,0)]] = F[(1,1,0)] = (1,1,0)
F[F[(1,1,1)]] = F[(1,1,1)] = (1,1,1)
We conclude that the Fredkin gate is self-inverse. O

Verify that the billiard ball computer in Figure 3.14 computes the Fredkin gate.

Exercise 3.31: Reversible half-adder

Construct a reversible circuit which, when two bits = and y are input, outputs (z,y, ¢,z @ y), where ¢ is
the carry bit when z and y are odd.

Exercise 3.32: From Fredkin to Toffoli and back again

What is the smallest number of Fredkin gates needed to simulate a Toffoli gate? What is the smallest
number of Toffoli gates needed to simulate a Fredkin gate?

Problem 3.1: Minsky machines

A Minsky machine consists of a finite set of registers, r1,79,...,7, each capable of holding an arbitrary
non-negative integer, and a program, made up of orders of one of two types. The first type has the form:

m

3

The interpretation is that at point m in the program register rj is incremented by one, and execution
proceeds to point n in the program. The second type of order has the form:
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The interpretation is that at point m in the program, register r; is decremented if it contains a positive
integer, and execution proceeds to point n in the program. If register r; is zero then execution simply
proceeds to point p in the program. The program for the Minsky machine consists of a collection of such
orders, of a form like:

o

The starting and all possible halting points for the program are conventionally labeled zero. This program
takes the contents of register r; and adds them to register r5, while decrementing r; to zero.

(1) Prove that all (Turing) computable functions can be computed on a Minsky machine, in the sense
that given a computable function f(-) there is a Minsky machine program that when the registers
start in the state (n,0,...,0) gives as output (f(n),0,...,0).

(2) Sketch a proof that any function which can be computed on a Minsky machine, in the sense just
defined, can also be computed on a Turing machine.

Problem 3.2: Vector games

A vector game is specified by a finite list of vectors, all of the same dimension, and with integer co-
ordinates. The game is to start with a vector = of non-negative integer co-ordinates and to add to =
the first vector from the list which preserves the non-negativity of all the components, and to repeat this
process until it is no longer possible. Prove that for any computable function f(-) there is a vector game
which when started with the vector (n,0,...,0) reaches (f(n),0,...,0) (Hint: Show that a vector game
in k 4+ 2 dimensions can simulate a Minsky machine containing k& registers.)

Problem 3.3: Fractran

A Fractran program is defined by a list of positive rational numbers ¢y, ..., q,. It acts on a positve integer
m by replacing it by g;m where 7 is the least number such that ¢;m is an integer. If there is ever a time
when there is no i such that g;m is an integer, then execution stops. Prove that for any computable
function f(-) there is a Fractran program which when started with 2™ reaches 27(") without going through
any intermediate powers of 2. (Hint: use the previous problem.)

Problem 3.4: Undecidability of dynamical systems

A Fractran program is essentially just a very simple dynamical system taking positive integers to positive
integers. Prove that there is no algorithm to decide whether such a dynamical system ever reaches 1.

Problem 3.5: Non-universality of two bit reversible logic

Suppose we are trying to build circuits using only one and two bit reversible logic gates, and ancilla bits.
Prove that there are Boolean functions which cannot be computed in this fashion. Deduce that the Toffoli
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gate cannot be simulated using one and two bit reversible gates, even with the aid of ancilla bits.

\.

Problem 3.6: Hardness of approximation of TSP

Let 7 > 1 and suppose that there is an approximation algorithm for TSP which is guaranteed to find the
shorted tour among n cities to within a factor . Let G = (V, E) be any graph on n vertices. Define
an instance of TSP by identifying cities with vertices in V, and deefinign the distance between cities 4
and j to be 1 if (¢,7) is an edge of G, and to be [r]|V| + 1 otherwise. Show that if the approximation
algorithm is applied to this instance of TSP then it returns a Hamiltonian cycle for G if one exists, and
otherwise returns a tour of length more than [r]|V|. From the NP-completeness of HC it follows that no
such approximation algorithm can exist unless P = NP.

J

Problem 3.7: Reversible Turing machines

(1) Explain how to construct a reversible Turing machine that can compute the same class of functions
as is computable on an ordinary Turing machine. (Hint: |t may be helpful to use a multi-tape
construction.)

(2) Give general space and time bounds for the operation of your reversible Turing machine, in terms
of the time t(z) and space s(z) required on an ordinary single-tape Turing machine to compute a
function f(x).

Problem 3.8: Find a hard-to-compute class of functions (Research)

Find a natural class of functions on n inputs which requires a super-polynomial number of Boolean gates
to compute.

Problem 3.9: Reversible PSPACE = PSPACE

It can be shown that the problem ‘quantified satisfiability’, or QSAT, is PSPACE-complete. That is, every
other language in PSPACE can be reduced to QSAT in polynomial time. The language QSAT is defined

to consist of all Boolean formulae ¢ in n variables x4, ..., z,, and in conjunctive normal form, such that:
J2, V2o 3ay - - - Vo, @ if nis even;
Jo,Vay3ag - - - Ta, 0 if 1 is odd.

Prove that a reversible Turing machine operating in polynomial space can be used to solve QSAT. Thus, the
class of languages decidable by a computer operating reversibly in polynomial space is equal to PSPACE.

Problem 3.10: Ancilla bits and efficiency of reversible computation

Let p,, be the mth prime number. Outline the construction of a reversible circuit which, upon the input of
m and n such that n > m, outputs the product p,,p,, that is (m,n) — (pmpn,g(m,n)) where g(m,n)
is the final state of the ancilla bits used by the circuit. Estimate the number of ancilla qubits your circuit
requires. Prove that if a polynomial (in logn) size reversible circuit can be found that uses O(log(logn))
ancilla bits then the problem of factoring a product of two prime numbers is in P.
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4 Quantum circuits

Exercise 4.1

In Exercise 2.11, which you should do now if you haven't already done it, you computed the eigenvectors of
the Pauli matrices. Find the points on the Bloch sphere which correspond to the normalized eigenvectors
of the different Pauli matrices.

Solution

Concepts Involved: Linear Algebra.
Recall that a single qubit in the state |1)) = a|0) + b|1) can be visualized as a point (6, ) on the Bloch
sphere, where a = cos(6/2) and b = ¢'#sin(6/2).

We recall from that Z (and I) has eigenvectors |0),|1), X has eigenvectors |+) = 0+ |-y =

V2
%, and Y has eigenvectors |y, ) = %, ly_) = %. Expressing these vectors as points on the

Bloch sphere (using spherical coordinates), we have:

10) = (0,0);[1) = (,0) ; |4) =

2 (G st = (5.3 ) o= (

]

Let = be a real number and A a matrix such that A2 = I. Show that

i
VRS
S
o
N—

[\

exp(iAx) = cos(z)I + isin(x)A

Use this result to verify Equations (4.4) through (4.6).

Solution

Concepts Involved: Linear Algebra, Operator Functions.
Let |v) be an eigenvector of A with eigenvalue ). It then follows that A%|v) = A\2|v), and furthermore
we have that A2[v) = I|v) = |v) by assumption. We obtain that A\* = 1 and therefore the only possible
eigenvalues of A are A\ = £1. Let |v1),..., |vk) be the eigenvectors with eigenvalue 1 and |vgy1), ..., |vn)
be the eigenvectors with eigenvalue —1. By the spectral decomposition, we can write:
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so by the definition of operator functions we have:

k n
exp(iAx) = Z exp(iz) |v; {v;| + Z exp(—ix) |v; {v;] .

=1 i=k+1

By Euler’s identity we have:

k n
exp(iAx) Z cos(z) + isin(z)) |v)vi| + Z (cos(z) — isin(z)) |v;)v;l.

i=1 i=k+1

Grouping terms, we obtain:
exp(iAzx) = cos(z Z |vi Xv;| + @ sin(z Z |vs Xv;| — Z |v; Yvi
1=k+1
Using the spectral decomposition and definition of I, we therefore obtain the desired relation:
exp(iAx) = cos(x)I + isin(x)A.

Since all of the Pauli matrices satisfy A? = I (Exercise[2.41]), for § € R we can apply this obtained relation

to obtain:
0 )
oS 5 —isin g
—isin g cos 2

exp(—i6X/2) = COS<Z>1 - z-sin(g)X

2 2
0 0 cos? —sin?
—i0Y/2) = cos( 2 |I —isin( 2 |Y = |2 2
exp(—ifY/2) cos<2> zs1n(2> sin & COSg]
0 0 cos & —isin? 0 e”/2 0
— —cosl 2 VT —isin( 2 )7z = 2 2 —
exp(—i0Z/2) —c05(2>1 13111(2)2— 0 - —ising] = l 9 £i0/2
which verifies equations (4.4)-(4.6). O

Show that, up to a global phase, the /8 gate satisfies T' = R, (w/4)

Concepts Involved: Linear Algebra, Quantum Gates.
Recall that the T gate is defined as:




We observe that:

eiiﬂ/s 0 —im 1 0 —iT
RZ(/]T/4) = [ 0 eiﬂ'/S sE & 0 eiﬂ'/4 =€ /ST

]

Express the Hadamard gate H as a product of R, and R, rotations and e’ for some .

Concepts Involved: Linear algebra, Quantum Gates

We claim that H = R, (7/2)R.(7/2)R.(7/2) up to a global phase of ¢e~"/2. Doing a computation to
verify this claim, we see that:

e—im/4 T _jginZ| |e—im/4
Rz(ﬂ/2)Rz(7r/2)Rz(7r/2)[ . 6“9/4] l P 4“ 0 ei@]

—isinf  cos §
e—iTr/4 0 % _ﬁ e—iTr/4 0
0 62'71'/4 _ 0 e2'7r/4

4 4
i 1
V2 V2

_e—zﬂ'/2 €z7r/2

1 _e—iTr/4 0 e—iﬂ'/4 _Z'eiﬂ'/4
—\ﬁ 0 /4| | —jein/4 eim/4
1 femz 4
_\/i —i ei'rr/2

1

V2

[ e—in/2 _e—m/j

_e—iT(/2 1 1
V2 |1 -1

_ 67i7r/2H




Remark: If you are more algebraically minded, the following may appeal to you.

R.(7/2)R.(7/2)R,(7/2) = 2[ (1-i2)1—-iX)(1—-1i2)
:2\[(1—ZZ—ZX ZX)(1—-1i2)
:2\[(1—zZ—zX ZX —iZ —XZ - 1+iZX7)
= 2\[( 20X —21Z) (using ZXZ = —X)
=: —H

Exercise 4.5

Prove that (fi - )2 = I, and use this to verify Equation (4.8)

Solution

Concepts Involved: Linear Algebra

Expanding out the expression, we see that:

n-0)?=n,X+nY +n,2)?
Y
=n2X? +nlY? + n2Z% + ngny (XY + YX) +non.(XZ + ZX) + nyn.(YZ + ZY)

Using the result from Exercise 2.41|that {o;,0;} = 0 if i # j and 02 = I, we have that:
J A
(h-o)?=(n2 +n§+n§)[= I

where we use the fact that fi is a vector of unit length. With this shown, we can use the result of Exercise
[£2] to conclude that:

exp(=ibh - /2) = cos@) _ z-sin(g)(ﬁ o)

which verifies equation (4.8). O

Exercise 4.6: Bloch sphere interpretation of rotations

(%) One reason why the Ry;(6) operators are referred to as rotation operators is the following fact, which
you are to prove. Suppose a single qubit has a state represented by the Bloch vector A. Then, the effects
of the rotation Rz () on the state is to rotate it by an angle 8 about the 1 axis of the Bloch sphere. This
fact explains the rather mysterious looking factors of two in the definition of the rotation matrices.
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Concepts Involved: Linear Algebra, Quantum Gates.

Let A be an arbitrary Bloch vector. WLOG, we can express A in a coordinate system such that 1 is
aligned with the Z axis, so it suffices to consider how the state behaves under application R,(6). Let
A = (Ag, Ay, A;) be the vector expressed in this coordinate system. By Exercise the density operator
corresponding to this Bloch vector is given by:

I+X-o
o 2

We now observe how p transforms under conjugation by R, (6):

T+ X4+NY+)NZ
- r.0)( X

Using that XZ = —ZX from Exercise [2.41] we make the observation that:
R.(0)X = (cos(%)[ - isin(%)Z) X
=X (cos(%)]—l— isin(%)Z)
—0 .. (-0
=X (cos(7>1 = zsm(7>Z>

= XRZ(_Q)

Similarly, we find that R.(9)Y = R,(—6)Y (same anticommutation) and that R,(6)Z = ZR.(9) (all
terms commute). With this, the expression for R.(8)pR. ()" simplifies to:

R.(0)pR.(0)! = R.(9) (I R ) R.(~6)

B (IRZ(Q)+>\1XRZ(—9)+/\yYRz(—9) +/\ZZRZ(9)> R.(-6)
= 2 2\
T+ X XR(—20) + A\, YR.(—20) + \.Z

- 2

Calculating each of the terms in the above expression, we have:

XR.(—20) = X <cos(‘729> - isin(_T%)>Z>

X (cos() +isin(0)Z)

cos(0)X +isin(6) X Z
= cos(0) X + isin(0)(—iY")
= cos(0)X +sin(9)Y
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YR.(—20) =Y (cos(9) + isin(6)2)
=cos(0)Y +isin(6)YZ
= cos(A)Y + isin(0)(iX)
= cos(A)Y —sin(0)X.

Plugging these back into the expression for R.(0)pR.(6)" and collecting like terms, we have:

i1+ (Ag cos(0) — Ay sin(6)) X + (Azsin(€) + Ay cos(9))Y + )\ZZ-

R.(6)pF.(0) 5

From this expression, we can read off the new Bloch vector A" after conjugation by R, (f) to be:
A = (Agcos(0) — Ay sin(6), Ay sin(0) + Ay cos(6), \.).

Alternatively, suppose we apply the 3-dimensional rotation matrix A.(#) to the original bloch vector A.
We have that:

cosf) —sinf 0O [Ag Az cosf) — Ay sin 6
A, (0)X = |sinf cosf® O |Ay| = |Apsind + A\, cosO
0 0 ]- )\z )\Z

We see that we end up with the same resulting vector A’. We conclude that the conjugation of p under
R.(0) has the equivalent effect to rotating the Bloch vector by 6 about the Z-axis, and hence the effect
of Rs(f) on a one qubit state is to rotate it by an angle 6 about 1. O

Show that XY X = —Y and use this to prove that XR,(6)X = R,(—0).

Concepts Involved: Linear Algebra, Quantum Gates.

For the first claim, we use that XY = —Y X and X2 = I (Exercise [2.41) to obtain that:

XYX=-YXX=-YI]=-Y.




Using this, we have that:

><
><
[

X (cos = isin(§>Y> X
co(2) 13 - isn( 2 7 x

o

(

D D

)2
-l

(=0).

Exercise 4.8

H [j

An arbitrary single qubit unitary operator can be written in the form
U = exp(ia)Ra(0)
for some real numbers & and 6, and a real three-dimensional unit vector 1.
1. Prove this fact.
2. Find values for «, 8, and i1 giving the Hadamard gate H.

3. Find values for «, 0, and 1 giving the phase gate

]

Concepts Involved: Linear Algebra, Unitary Operators, Quantum Gates

1. By definition, for any unitary operator U we have that UTU = I, so for any state vector (1|¢)) =
(Y|UTU ). Therefore, all unitary Us are norm-preserving, and hence for a single qubit correspond
to some reflection/rotation in 3-dimensional space (up to a global phase factor). Hence, we can
write U = exp(ia) Ra(6) for some fi (rotation axis), 6 (rotation angle) and a (global phase).

2. Using the fact that H = X—\EZ and that modulo a factor of i that X/Z correspond to rotations




R.(m) and R, (), we find that:

H:—:Z

V2 V2
=i <cos(g>l - isin<72T> (\}EX +OY + \}§Z>>

= /2 <COS<72T>I - isin<72r> (\}EX +0Y + \22))

Note that in the second last equality we use that cos(%) = 0 and hence % 0s(Z) = cos

iRy () + iR, (1) _ . <2cos(g)1 —isin(3)X — isin(

SIE

SN—

N
N———

o (
the last expression, we can read off using the definition of R5(#) that i = ( L0, % , 0 =m, and

_x
oa=7.

3. We observe that:

Hence:

Remark: For part (2), one just can use the definition
O 0 .. (6
R:(0) = exp(—ifn - 3/2) = cos 3 I —isin 3 (neX +nyY +n.2),

and the fact H = (X + Z) /+/2, to arrive at cos (g) =), Ry =y = %,ny =0.

| '
\

Exercise 4.9

Explain why any single qubit unitary operator may be written in the form (4.12).

Concepts Involved: Linear Algebra, Unitary Operators, Quantum Gates.
Recall that (4.12) states that we can write any single qubit unitary U as:

ei(@—B/2-58/2) oq 1 _eila—B/2+5/2) sin 2
ei(a+B/2-6/2) gip % eila+B/246/2) COS%

where a, 8,7, € R.




Let U be a single qubit unitary operator. We then have that UTU = I, so identifying:

i SRS

b

From the diagonal entries we obtain that |vi| = |ve| = 1 and from the off diagonal entries we obtain that
(v1,va) = 0 and hence the columns of U are orthonormal. From the fact that |v|; is normalized, we can
parameterize the magnitude of the entries with v € R such that:

U =

we obtain that:

la]® + |c]*  a*b+c*d
ab* + cd*  |b)* + |d|?

la| = cosz, lc| = sin%.

2
From the orthogonality, we further obtain that b = —c* and d = a*, from which we have that |b| = |¢|
and |d| = |a|. Furthermore, (also from the orthogonality) we can parameterize arg(a) = —g — ¢ and

arg(b) = g — g For 3,5 € R. Finally, multiplying U by a complex phase e!* for o € R preserves the
unitarity of U and the orthonormality of the colums. Combining these facts gives the form of (4.12) as
desired. O

Exercise 4.10: X — Y decomposition of rotations

Give a decomposition analogous to Theorem 4.1 but using R, instead of R..

Exercise 4.11

Suppose m and i are non-parallel real unit vectors in three dimensions. Use Theorem 4.1 to show that
an arbitrary single qubit unitary U may be written

U = €"*Ra(8) R (7) Ra(6)

Exercise 4.12

Give A, B,C, and « for the Hadamard gate.

Solution

Concepts Involved: Linear Algebra, Decomposition of Rotations.
Recall that any single qubit unitary U can be written as U = e/*AX BXC where ABC = I and a € R.

First, observe that we can write:

11 1| =i ol|zm w1 o] e
H=ﬂll —1122[0 ] [fl (] [0 1]—e /2R (m)Ry(~7/2) R2 (0)




so defining A, B, C according to the proof of Corollary 4.2, we have:
A= R.(m)Ry(~/4)
B=R,(n/4)R.(—7/2)
C=R,(—7/2)

and o = Z. ]

[SIE

Exercise 4.13: Circuit identities

It is useful to be able to simplify circuits by inspection, using well-known identities. Prove the following
three identities:

HXH=12; HYH=-Y; HZH=X.

Concepts Involved: Linear Algebra, Quantum Gates.

By computation, we find:
11 1]fo 1][1 1 12 0 1 0
HXH_§ 1 —1] |1 0] 1 —11_2[0 —2]_[0 -1
v L1 Q —i|l {1 1 1
211 7 2

HZH:1111011
2 (1

Remark: Notice once we have proved HXH = Z, we can directly ssy HZH = H(HXH)H = X as
H? = 1. If one wants to prove everything algebraically, the following calculation suffices.

1 1 1
HXH:= 3 (X+Z)X(X+2)= 5 (I+ZX)(X + 2) = (X + Z+ 2+ XZX)=Z

1 1 1
HYH := 5 (X+2)Y (X +2) = 5 (XY +2Y) (X + 2) = (XYX + ZXY + ZYX + ZYZ) = -Y

Exercise 4.14

Use the previous exercise to show that HT'H = R, (7/4), up to a global phase.

Concepts Involved: Linear Algebra, Quantum Gates.




From Exercise [4.3] we know that 7 = R.(w/4) up to a global phase e~""/3. We hence have that:

HTH = ¢ ""/*HR,(n/4)H

e/ H <COS(78T> —zsm( >Z> H
= e im/8 (cos(g)l — zsm )

= e /8RR, (n/4)

where in the second last equality we use the previous exercise, as well as the fact that HIH = H? = |
from Exercise 2521 O

Exercise 4.15: Composition of single qubit operations

The Bloch representation gives a nice way to visualize the effect of composing two rotations.

(1) Prove that if a rotation through an angle 8; about the axis 1; is followed by a rotation through an
angle 35 about an axis fy, then the overall rotation is through an angle 515 about an axis 15 given
by

Cl2 = C1Cy — 51520 - Ty
S12M12 = S1CoMy + €182 — S189Mg X Ny,
where ¢; = COS(,@i/Q), S; = sin(ﬂi/2), Cla = cos(ﬂlg/Q), and sio = sin(Bu/Q).
(2) Show that if 8y = 83 and fi; = Z these equations simplify to
cl1a = 2 — §%% - iy

S19M1g = Sc(z + flg) = S2ﬁ2 X Z

Concepts Involved: Linear Algebra

(1) It suffices to show that Ry, (82)Ra, (51) is equivalent to Rg,,(S12).

Ra,(B2)Ra, (B1) = (col —isghy - o) - (c1] —isiy - )

cocil —i(0182ﬁ2 -0+ cys10y - O') — 8981 (flg . 0’) . (fll . 0')

—_—
(fl2~ﬁ1)1 =+ i(ﬁQ ><ﬁ1)-0'

= [6201 — 8981 (flg . fll)] I—1 [01821’f2 + c98111 + S981 (flg X fll)] o

Identifying this operation to a single rotation Rga,,(B12) = c12] — is12012 - 0, we arrive at the
required relations (up to a presumable typesetting error)
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C12 = C2C1 — 5281 (flz : fll)

S120112 = €182H2 + Ca8111 + 281 (fig X 117)

(2) Setting $1 = B2 and fi; = Z in the formulas proven above combined with the fact that ¢ = ¢; =
cos(ﬂ1/2) = cos(ﬂg/Z) = ¢y (and similiarly s = s1 = s3), we have:
C12 — 62 — 822 . flg

S1ofi19 = SCZ + cshy — $2hy X 7 = sc(z + fg) — 21y X Z.

Remark: For the sake of completeness, we provide a proof of the identity used in part 1 of the solution.
First note the familiar Pauli matrix relation 0,0, = 6;;1 + i¢;j,05 (Exercise [2.43). Now massaging this
equation gives

a;ioibjo; = a;b;i; + i (abjein) on
= (a'b)I+i(aXb)kaa

where we have used standard Einstein index notation. Thus in matrix form, we have

(a-0)-(b-o)=(a-b)I +i(axb)-o.

Exercise 4.16

| '
\

What is the 4 x 4 unitary matrix for the circuit

[

T

in the computational basis? What is the unitary matrix for the circuit

)
”

Concepts Involved: Linear Algebra, Quantum Gates, Tensor Products.

The unitary matrix for the first circuit is given by:

1 1 0 0
10/ 1|1 1 1|1 =10 0

L ®H, = — -
1(82[01@\/51—1]\/50011
0 0 1 -1




The unitary matrix for the second circuit is given by:

10 1 0

11 1 10/ 1lo1 0 1
H®L=— _ L

19 \/5[1—1(801] 211 0 -1 0

01 0 -1

Exercise 4.17: Building a CNOT from controlled-Z gates

Construct a CNOT gate from one controlled-Z gate, that is, the gate whose action in the computational
basis is specified by the unitary matrix

100 O
01 0 O
0 0 1 0
0 0 0 -1

Solution

Concepts Involved: Linear Algebra, Quantum Gates, Controlled Operations.

We showed in Exercise f.13 that HZH = X. Hence, to obtain a CNOT gate from a single controlled Z
gate, we can conjugate the target qubit with Hadamard gates:

c cC—eo—
A

We can verify this via matrix multiplication, using the result from the previous exercise:

1 10 olftoo o]t 10 o
1{1 =10 oflo1o0o ofllt =10 o
(heH)(CZi)(h @ H)=5 10 4 1 1o o1 oflo o1 1
0 01 -1f[o o0 ~1flo 01 -1

[2 0 0 0

1o 200

210 0 0 2

0020
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Remark:
CX12:=10)(0|®I+1[0)(0] @ X

= |0)(0| ® HH + |0){0| @ HZH
= (I®H)(CZ)(I®H).

Exercise 4.18

Show that

Solution

Concepts Involved: Linear Algebra, Quantum Gates, Controlled Operations.
It suffices to verify that the two gates have the same effect on the 2-qubit computational basis states (as
it will then follow by linearity that they will have the same effect on any such superposition of the basis
states). Checking the 8 necessary cases, we then have that:

CZ12(|0); ®0);) = [0); ©10),

CZ2.1(10); ® |0);) = 10); ©10),

CZ12(11); ®10)5) = [1); ® Z|0), = [1); ® [0),

CZ3.1(|1); ®[0);) = [1); @ 10),

CZ12(10); ®[1);) = 10); @ [1),

CZZ,I(|O> ® |1>2) Z|0>1 ® |1>2 = |0>1 ® |1>2

CZ12(]11); ® [1)5) = [1); ® Z[1), = [1); ® —[1); = =([1); ®[1),)
CZ31(11), ® (1)) = Z[1); @ 1)y = —[1); ® [1); = —=(|1); ® [1),)

from which we observe equality for each. The claim follows. O

by) = |b1) ® ZP|by) = (—1)P1P2|byby) for computational

Remark: More compactly,
basis states by,b2 € {0, 1}.
Using this form we can write

CZlyg|b1b2> = (—1)bl'b2|b1b2>
= (=1)" " |b1by)
= Z%|b1) ® [b2)
=: CZQ,l‘b1b2>.




Exercise 4.19: CNOT action on unitary matrices

The CNOT gate is a simple permutation whose action on a density matrix p is to rearrange the elements
in the matrix. Write out this action explicitly in the computational basis.

Concepts Involved: Linear Algebra, Quantum Gates, Controlled Operations, Density Operators

Let p be an arbitrary density matrix corresponding to a 2-qubit state. In the computational basis, we can
write p as:

a1l a2 G13 ai4
G21 Q22 Q23 A24
asz1 a3z 33 as34
g1 Q42 Q43 Q44

1%

Studying the action of the CNOT gate on this density matrix, we calculate:
a1 a2 a1z a4
G21 Q22 G23 (G24
CX12pCX12=
asz1 az2 a3z 434
G41 Q42 Q43 Q44

e e = @
= O O O
o = O O
o O O =
oS O = O
= O O O
o = O O

a1 a2 ai13 a4
G21 @G22 Q23 0G24
a41 Q42 Q43 Aa34
aszr azz2 asz ass

S O O =
S O = O
= o O O
o = O O

a11 a2 G4 Qi3
21 Q22 G24 Q23
Q41 Q42 Q44 A33
aszr azz2 as4 Aas3
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Exercise 4.20: CNOT basis transformations

Unlike ideal classical gates, ideal quantum gates do not have (as electrical engineers say) ‘high-impedance’
inputs. In fact, the role of ‘control’ and ‘target’ are arbitrary — they depend on what basis you think of a
device as operating in. We have described how the CNOT behaves with respect to the computational basis,
and in this description the state of the control qubit is not changed. However, if we work in a different
basis then the control qubit does change: we will show that its phase is flipped depending on the state of
the ‘target’ qubit! Show that

——
——

Introducing basis states |+) = (|0) & [1))/+/2, use this circuit identity to show that the effect of a CNOT
with the first qubit as control and the second qubit as target is as follows:

Thus, with respect to this new basis, the state of the target qubit is not changed, while the state of the
control qubit is flipped if the target starts as |—), otherwise it is left alone. That is, in this basis, the
target and control have essentially interchanged roles!

Concepts Involved: Linear Algebra, Quantum Gates, Controlled Operations.

1 1 1 1
11 1 1 1 11 -1 1 -1

H ®Hy, = - _L
1®22[1—1691—1]211—1—1
1 -1 -1 1
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Now conjugating CNOT; » under H; ® Hs, we have:

1 1 1 1 1 0 0 O 1 1 1 1
11 -1 1 -1 01 0 O 1 -1 1 -1
H H X102(H Hy) = -
(e )0l ) =31 o 4 4lloo0o0 1|1 1 -1 -1
1 -1 -1 1 o o1 011 -1 -1 1
(4 0 0 0
~1]o 0 0 4
o 0 0 4 0
_O 4 0 O
:CXQ,:[
which proves the circuit identity. We know already that:
CX3110)|0) = |0)|0)
CX3,1]1)|0) = [1)]0)
CX31(0)[1) = |1)[1)
CX2.1|1)1) = |0)]1)
so using the proven circuit identity and the fact that H|0) = |+), H|1) = |—), we obtain the map:
[+ +) = [H)]+)
|=)+) = (=) +)
[+ =) = [=)]=)
|=)=) = [+)]=)
which is exactly what we wanted to prove. ]

Remark: Algebraically,

(H® HICX,2(H® H) = (H® H)Y(I® H)(CZ12)(I ® H)(H ® H)
=(H®I)(CZ)(HRI)
=(H®I)(CZ1)(H &)
=CXy;.
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Exercise 4.21

Verify that Figure 4.8 implements the C?(U) operation.

— ———

Exercise 4.22

Prove that a C?(U) gate (for any single qubit unitary U) can be constructed using at most eight one-qubit
gates, and six controlled-NOTs.

Exercise 4.23

Construct a C'(U) gate for U = R,() and U = R, (6), using only CNOT and single qubit gates. Can you
reduce the number of single qubit gates needed in the construction from three to two?

Exercise 4.24

Verify that Figure 4.9 implements the Toffoli gate.

-

i
= : ‘ i S N
1 elmlelmbem

Figure 4.9. Implementation of the Toffoli gate using Hadamard, phase, controlled-xoT and 7/8 gates.
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Exercise 4.25: Fredkin gate construction

Recall that the Fredkin (controlled-swap) gate performs the transform

[1 000 00 0 0]
01000000
00100000
00010000
00001000
00000O0T0
00000100
00000O0GO0 1

(1) Give a quantum circuit which uses three Toffoli gates to construct the Fredkin gate (Hint: think of
the swap gate construction — you can control each gate, one at a time).

(2) Show that the first and last Toffoli gates can be replaced by CNOT gates.

(3) Now replace the middle Toffoli gate with the circuit in Figure 4.8 to obtain a Fredkin gate construc-
tion using only six two-qubit gates.

(4) Can you come up with an even simpler construction, with only five two-qubit gates?

Exercise 4.26

Show that the circuit:

|y 7/ HL{RM/ e R, —/ ki{ﬁty -/ |

differs by a Toffoli gate only by relative phases. That is, the circuit that takes |[c1,co,t) to
egifler,e2,t) le1, co, t @ ey - ca), where eflcre2,t) is some relative phase factor. Such gates can be some-
times be useful in experimental implementations, where it may be much easier to implement a gate that
is the same as the Toffoli gate up to relative phases than it is to do the Toffoli directly.
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Exercise 4.27

Using just CNOTs and Toffoli gates, construct a quantum circuit to perform the transformation

O O O O O O o -
O O O O O+ O O
SO OO O = OO O
S O O = O O O O
SO OB OO O O O
O = O O O o o o
_ O O O O o o o
O O O O O O+~ O

This kind of partial cyclic permutation operation will be useful later, in Chapter 7.

Exercise 4.28

For U = V2 with V unitary, construct a C°(U) gate analogous to that in Figure 4.10, but using no work
qubits. You may use controlled-V and controlled-V' gates.

control qubits ¢ |e3

work qubits

target qubit lﬁ

Figure 4.10. Network implementing the C™(U) operation, for the case n = 5.

Exercise 4.29

Find a circuit containing O(n?) Toffoli, CNOT and single qubit gates which implements a C"(X) gate (for
n > 3), using no work qubits.

Exercise 4.30

Suppose U is a single qubit unitary operation. Find a circuit containing O(n?) Toffoli, CNOT and single
qubit gates which implements a C™(U) gate (for n > 3), using no work qubits.
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Exercise 4.31: More circuit identities

Let subscripts denote which qubit an operator acts on, and ket C' be a CNOT with qubit 1 the control qubit
and qubit 2 the target qubit. Prove the following identities:

CX1C = XXy
CY,C =YX,
Cz,C =2,
CXyC = Xy
CY>,C = Z1Y,
CZyC = Z1Z5

R.1(0)C = CR,1(0)
Ry 2(0)C = CR, 2(0).

Exercise 4.32

Let p be the density matric describing a two qubit system. Suppose we perform a projective measurement
in the computational basis of the second qubit. Let Py = |0)(0| and P; = |1)(1| be the projectors onto
the |0) and the |1) states of the second qubit, respectively. Let p’ be the density matrix which would be
assigned to the system after the measurement by an observer who did not learn the measurement result.
Show that

p' = PopPy+ PipP

Also show that the reduced density matrix for the first qubit is not affected by the measurement, that is
tra(p) = tra(p').

Exercise 4.33: Measurement in the Bell basis

The measurement model we have specified for the quantum circuit model is that measurements are
performed only in the computational basis. However, often we want to perform a measurement in some
other basis, defined by a complete set of orthonormal states. To perform this measurement, simply unitarily
transform from the basis we wish to perform the measurement in to the computational basis, then measure.
For example, show that the circuit

———

performs a measurement in the basis of the Bell states. More precisely, show that this circuit results in
a measurement being performed with corresponding POVM elements the four projectors onto the Bell
states. What are the corresponding measurement operators?
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Exercise 4.34: Measuring an operator

Suppose we have a single qubit operator U with eigenvalues 1, so that U is both Hermitian and unitary, so
it can be regarded as both an observable and a quantum gate. Suppose we wish to measure the observable
U. That is, we desire to obtain a measurement result indicating one of the two eigenvalues, and leaving
a post-measurement state which is the corresponding eigenvector. How can this be implemented by a
quantum circuit? Show that the following circuit implements a measurement of U:

Wjin) &l

Exercise 4.35: Measurement commutes with controls

A consequence of the principle of deferred measurement is that measurements commute with quantum
gates when the qubit being measured is a control qubit, that is:

(Recall that the double lines represent classical bits in this diagram.) Prove the first equality. The rightmost
circuit is simply a convenient notation to depict the use of a measurement result to classically control a
quantum gate.

Exercise 4.36

Construct a quantum circuit to add two two-bit numbers z and y modulo 4. That is, the circuit should
perform the transformation |z,y) — |2,z + y mod 4).

Exercise 4.37

Provide a decomposition of the transform

11 1 1
1|1 T —1 —1
2101 -1 1 1

1 —: -1 7

into a product of two-level unitaries. This is a special case of the quantum Fourier transform, which we
study in more detail in the next chapter.

Exercise 4.38

Prove that there exist a d X d unitary matrix U which cannot be decomposed as a product of fewer than
d — 1 two-level unitary matrices.
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Exercise 4.39

Find a quantum circuit using single qubit operations and CNOTs to implement the transformation

O O O O o o o~
e oo oe e o
St O O O O 8 OO
o O O o = O o o
O O O = O o o o
SO OB OO O O O
S = O O O O o o
QU O O O O 6 © O

where U =

c| . . . -
d] is an arbitrary 2 X 2 unitary matrix.

Exercise 4.40

For arbitrary o and 3 show that

and use this to justify (4.76).

Exercise 4.41

This and the next two exercises develop a construction showing that the Hadamard, phase, controlled-NOT
and Toffoli gates are universal. Show that the circuit in Figure 4.17 applies the operation R.(6) to the
third (target) qubit if the measurement outcomes are both 0, where cos = 3/5, and otherwise applies Z
to the target qubit. Show that the probability of both measurement outcomes being 0 is 5/8, and explain
how repeated use of this circuit and Z = S? gates may be used to apply a R.(f) gate with probability
approaching 1.

o @A
0 —{E THA
) &5 R.(0)])

Figure 4.17. Provided both measurement outcomes are 0 this circuit applies R (6) to the target, where
cos® = 3/5. If some other measurement outcome occurs then the circuit applies Z to the target.
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Exercise 4.42: Irrationality of 6
Suppose cos = 3/5. We give a proof by contradiction that 6 is an irrational multiple of 2.

(1) Using the fact that e? = (3 + 44)/5, show that if 6 is rational, then there must exist a positive
integer m such that (3 + 44)™ = 5™.

(2) Show that (3+44)™ = 3+44 (mod 5) for all m > 0, and conclude that no m such that (3+4¢)™ =
5™ can exist.

Exercise 4.43

Use the results of the previous two exercises to show that the Hadamard, phase, controlled-NOT and Toffoli
gates are universal for quantum computation.

Exercise 4.44

Show that the three qubit gate G defined by the circuit:

— iRy (Ta) —

is universal for quantum computation whenever « is irrational.

Exercise 4.45

Suppose U is a unitary transform implemented by an n qubit quantum circuit constructed from H, S,
CNOT and Toffoli gates. Show that U is of the form 2%/2M for some integer k, where M is a 2" x 2"
matrix with only complex integer entries. Repeat this exercise with the TOffoli gate replaced by the 7/8
gate.

Exercise 4.46: Exponential complexity growth of quantum systems

Let p be a density matrix describing the state of n qubits. Show that describing p requires 4™ — 1
independent real numbers.

Exercise 4.47

For H = S_r Hy, prove that e~ iHt = g=ifitg=itlat  o=iHLt for al|  if [H;, Hy] = 0, for all 4, k.

Exercise 4.48

Show that the restriction of Hy, to at most ¢ particles implies that in the sum (4.97), L is upper bounded
by a polynomial in n.
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Exercise 4.49: Baker—-Campbell-Hausdorf formula

Prove that

e(A+B)AL _ eAAteBAtef%[A,B]At2 + O(At?’)

and also prove Equations (4.103) and (4.104).

Exercise 4.50

Let H = Z,f Hj., and define

Un; = [efiHlAtefngAt o efiHLAt:| [efiHLAtefiHL,lAt o efiHlAt}

(a) Prove that Ua; = e”2HHAL 1 O(A3)

(b) Use the results in Box 4.1 to prove that for a positive integer m,
E(UR,, e 2MHAY < maAt?,

for some constant «.

Exercise 4.51

Construct a quantum circuit to simulate the Hamiltonian
H=X10Y:,® Z;3

performing the unitary transform e=*AtH for any At.

Problem 4.1: Computable phase shifts

Let m and n be positive integers. Suppose f : {0,...,2™ — 1} — {0,...,2™ — 1} is a classical function
from m to n bits which may be computed reversibly using T' Toffoli gates, as described in Section 3.2.5.
That is, the function (z,y) — (x,y ® f(x)) may be implemented using T' Toffoli gates. Give a quantum
circuit using 27 + n (or fewer) one, two and three qubit gates to implement the unitary operation defined
by

27L

o) o> exp 221

Problem 4.2

Find a depth O(logn) construction for the C™ (X)) gate. (Comment: The depth of a circuit is the number
of distinct timesteps at which gates are applied; the point of this problem is that it is possible to parallelize
the C™(X) construction by applying many gates in parllel during the same timestep.)
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Problem 4.3: Alternate universality construction

Suppose U is a unitary matrix on n qubits. Define H = ¢ln(U). Show that
(1) H is Hermitian, with eigenvalues in the range 0 to 2.

(2) H can be written
H=2Y hyg,
g
where h, are real numbers and the sum is over all n-fold tensor products g of the Pauli matrices
{I,X,Y,Z}.

(3) Let A =1/k, for some positive integer k. Explain how the unitary operation exp(—ihggA) may be
implemented using O(n) one and two qubit operations.

(4) Show that
exp(—iHA) = Hexp(—ihggA) + 04" A?%)
g

where the product is taken with respect to any fixed ordering of the n-fold tensor products of Pauli
matrices, g.

(5) Show that
U= |[]exp(—ihghA)| +0(4"A)
g

(6) Explain how to approximate U to within a distance ¢ > 0 using O(n16™/€) one and two qubit
unitary operations.

Problem 4.4: Minimal Toffoli construction (Research)

The following problems concern constructions of the Toffoli with some minimal number of other gates.
(1) What is the smallest number of two qubit gates that can be used to implement the Toffoli gate?

(2) What is the smallest number of one qubit gates and CNOT gates that can be used to implement the
Toffoli gate?

(3) What is the smallest number of one qubit gates and controlled-Z gates that can be used to implement
the Toffoli gate?

Problem 4.5: (Research)

Construct a family of Hamiltonians, {H,} , on n qubits, such that simulating H,, requires a number of
operations super-polynomial in n. (Comment: This problem seems to be quite difficult.)
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Problem 4.6: Universality with prior entanglement

Controlled-NOT gates and single qubit gates form a universal set of quantum logic gates. Show that
an alternative universal set of resources is comprised of single qubit unitaries, the ability to perform
measurements of pairs of qubits in the Bell basis, and the ability to prepare arbitrary four qubit entangled

states.
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Al Notes on basic probability theory

Exercise Al.1

Prove Bayes' rule.

Solution

Concepts Involved: Probability, Conditional Probability.
Recall that conditional probabilities were defined as:

P(Y:y|X:x):P(X:x’Y:y)

P(X =)
and also recall that Bayes' rule is given by:
p(z)
p\ryy) =pyr)—-
(zly) = p(yl )p(y)

By the definition of conditional probability:

i)y = HE=R T =NEE PERE =) )

O
Exercise Al.2

Prove the law of total probability.

Solution

Concepts Involved: Probability, Conditional Probability.
Recall that the law of total probability is given by:

p(y) =>_ p(ylz)p(x)

p(y) =Y p(z.y) =Y plylz)p(x)

,
\

Exercise A1.3

Prove that there exists a value of > E(X) such that p(x) > 0.
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Solution

Concepts Involved: Probability, Expectation.
Recall that the expectation of a random variable X is defined by:

Let Z = max {z : x is a possible value of X}. This maximum exists as we assume X can only take on a
finite set of values. We therefore have that:

E(XX)=> p)z <> pa)i=3) pla)=2

Where in the last equality we use that the sum over all probabilities must be 1. O]

,
\

Exercise Al.4
Prove that E(X) is linear in X

Solution

Concepts Involved: Probability, Expectation.

Let a,b € R and X,Y be random variables. We then have that:

E@X +bY) =Y > p(z,y)(az + by)
=3 plxy)az+ > play)by

ay | >_pz.y) w+bz<2p(%y)>y
=ay p@)z+bY_ py)y

— aE(X) + bE(y)

which shows that expectation is linear. O

Exercise Al.5

Prove that for independent random variables X and Y, E(XY) = E(X)E(Y).

Solution

Concepts Involved: Probability, Expectation, Independent Random Variables.
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Recall two random variables X, Y are independent if

O
Exercise Al.6

(*) Prove Chebyshev's inequality.

Concepts Involved: Probability, Expectation, Variance.
Recall the definition of the variance and standard deviaiton of a random variable X:

Var(X) = E[(X - E(X))?], A(X)=+/Var(X)

Also, recall that Chebyshev's inequality reads:

p(|X —E(X)| > MA(X)) <

where A > 0.

We first establish Markov's inequality for the expectation value E(X). Let a > 0, and then we have that:

E(X)=) ap(z)=Y ap(z)+ Y ap(x) > ap(z) +0=ap(X > a)

r>a z<a r>a
Therefore, we obtain that:

E(X)

X>a) <
p( a) < o

for any random variable X and a > 0. Next, substitute X with (X — E(X))? and let a = A\? Var(X) for
A > 0. Markov's inequality then states that:

E(X - E(X))?

p((X —B(X))* > ¥*Var(X)) < =S5 rn

Since E(X — E(X))? = Var(X), we have that:

p((X —E(X))* > A* Var(X)) < %
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If A > 0, then p((X — E(X))? > A\? Var(X)) = p(|X — E(X)| > MA(X)) by taking square roots, so we
obtain:

p(|X —B(X)| 2 AAX)) < 3

as desired. 0
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A2 Group theory

Exercise A2.1

Prove that for any element of g of a finite group, there always exists a positive integer  such that g" = e.
That is, every element of such a group has an order.

Solution

Concepts Involved: Group Axioms, Order.

Suppose G is a finite group, and g € G. Then, there exists some r1,72 € N such that r; # ry and
g™ = g"2. If this was not the case, then g" would be unique for each n € N, contradicting the finiteness
of G. WLOG take r; < ro, and let 7 = ro — r; € N. Using associativity, we then have that:

grl — gr2 — gr1+'r

r1 T

=99

from which we conclude that ¢" = e. O

Exercise A2.2

Prove Lagrange's Theorem.

Solution

Concepts Involved: Group Axioms, Subgroups, Order, Equivalence Relations.

Let H be a subgroup of a group G and define the relation ~ by a ~ b iff a = bh for some h € H. ~
is reflexive as a = ae (so a ~ a) where e € H is the identity element. ~ is symmetric as if a ~ b, then
a = bh for some h € H so b=ah~! (so b~ a) where h~! € H as H is closed under inverses. Finally ~
is transitive as if a ~ b and b ~ ¢, there exist hy, ho € H such that a = bhy and b = chy so a = chah;.
As hahy € H (H is closed under multiplication) it follows that a ~ ¢. Having shown ~ to have these
three properties, we conclude it is an equivalence relation. Then, the equivalence classes of ~ partition
G, where the equivalence class of g € G is [g] = {gh|h € H}

Now, let g € G and define the map ¢, : H — [g] as p4(h) = gh. ¢4 is injective as if pg4(h1) = @g4(h2)
then ghi = gho and multiplying by g~' on both sides hy = hy. ¢, is surjective as if k € [g], then there
exists some h € H such that k = gh by the definition of ~. Hence ¢, is bijective.

As per our prior observation, the equivalence classes of ~ partition G, so G = |JI,[¢;] and |G| =
\UiZ1[9i]] = i1 |[9i]|- Further, there is a bijection ¢, from each equivalence class to H, so |[g;]| = |H|
for all i. Thus |G| =>""_, |H| = nH and hence |H| divides |G|, as desired. O

Exercise A2.3

Show that the order of an element g € G divides |G|.
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Solution

Concepts Involved: Group Axioms, Subgroups, Order, Lagrange's Theorem.

Let g € G with order r. Then, define H = {g”|n € N}. We claim that H is a subgroup of G. First, g" € G
for any n as G is closed under multiplicaton, so H C G. Next, if g"1, g™ € H then g"t-g"2 = g™ "2 € H.
Associativity is inherited from the associativity of multiplication in G. Since ¢" = e € H, H contains the
identity. Finally, for g* € H we have ¢" % € H such that g¥¢g"* = ¢"F¢¥ = ¢" = e so H is closed
under inverses. Hence the claim is proven.

Next, we observe that |H| = 7 as H contains the r elements e,g,¢%,...9 Hence by Lagrange's

Theorem r divides |G|. O

r—1

r
\

Exercise A2.4
Show that if y € G then Gy = G,

Solution

Concepts Involved: Group Axioms, Conjugacy Classes

Suppose y € G,. Then there exists some g € G such that g~'xg = y. Multiplying both sides on the left

by g and on the right by g=! we find that 2 = gyg~'. We now show the two inclusions.

Suppose that &k € G,. Then there exists some g’ € G such that k = ¢’"lxzg’. Then using x =
gyg~! we find k = ¢""tgyg—'g’. Now, g7 '¢g’ € G (by closure) and it has inverse g'~'g, and hence
k=g 'gyg~g € Gy. So, G, C G,.

Suppose that [ € G,,. Then there exists some ¢g” € G such that [ = ¢”~'yg”. Then with g7'zg =y

we find [ = ¢” g~ lzgg”. Much like before, gg” € G (by closure) with inverse " ~g~! sol € G,. So,
G, C G..
We conclude that Gy = G,. O

Exercise A2.5

Show that if z is an element of an Abelian group G, then G, = {z}.

Solution

Concepts Involved: Abelian Groups, Conjugacy Classes.
Evidently z = e~ 1ze € G, so {2} C G,. Next, if k € G, then k = g~'xg for some g € G, but since G
is abelian, g7z = 297! so k = 2g7'g = ze = z so k € {z} and hence G, C {z}. We conclude that
G, = {z}. O

Exercise A2.6

Show that any group of prime order is cyclic.
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Solution

Concepts Involved: Order, Cyclic Groups.

Suppose |G| = p where p is prime. Since G is finite, every element of G has an order by Exercisem
Since the order of any element g € G divides |G| = p by Exercise [A2.3] and since p is prime, the order of
g is either 1 or p. Since |G| > 1, there exists at least one g € G with order p, and this g is a generator
of G (with g = g,¢%,¢%,...,gP = e distinct and comprising all the elements of G. In fact this is true of
any non-identity g). Hence G is cyclic. O

,
\

Exercise A2.7

Show that every subgroup of a cyclic group is cyclic.

Solution

Concepts Involved: Group Axioms, Subgroups, Cyclic Groups, Euclid's Division Algorithm.
First we prove a necessary Lemma, namely that any nonempty subset of the natural numbers contains a
least element. We show this by proving the contrapositive. Suppose that A C N has no least element.
Then 1 ¢ A as then 1 would be the least element. Suppose then that 1,...k —1 ¢ A; then k ¢ A as
then k would be the least element. By strong induction, there exists no k € N such that k € A, i.e. Ais
empty. This concludes the proof of the lemma.
Let G = (a) be a cyclic group and H a subgroup of G. If H = {e}, it is trivially cyclic and we are
done. If H # {e}, then there exists some a” € H with n # 0. Since H is closed under inverses,
(@)1 = a=™ € H as well which ensures that H contains some positive power of a. Then consider
the set A = {k € N|a¥ € H}. Any nonempty subset of the naturals has a minimum element; therefore
let d = min A. It is immediate that (a?) is a subgroup of H as a € H and H is a group. To show
the reverse containment, suppose that ¢ € H. Since H is a subgroup of the cyclic G, it follows that
g = aP for some p € Z. We can then write p = gd 4+ r for 0 < r < d by Euclid’'s Division algorithm
(see Appendix 4). We then have that a” = a?~9% = aP(a?)~9 € H by closure. Now, since d is the least
positive integer for which a® € H and 0 < r < d, it must follow that » = 0. Therefore, p = qd and hence
a? = (a?)? € (a®). So, H is a subgroup of (a?). We conclude that H = (a?) and hence H is cyclic.
O

,
\

Exercise A2.8

Show that if g € G has finite order 7, then g™ = g™ if and only if m = n (mod ).

Solution

Concepts Involved: Order, Modular Arithmetic, Euclid’s Division Algorithm

Suppose g € G has finite order r.

First suppose that m = n (mod r). Then m — n = kr for some k € N. Therefore g™~ " = gk".
But g*" = (¢")* = e = ¢, s0o g™ = g™g™™ = e, and multiplying both sides by g” we find g™ = g".
Suppose g™ = g". Then multiplying both sides by g™ we find ¢"*~" = e. By Euclid’s Division
algorithm there exist integers g,p such that m —n = ¢qr + p with 0 < p < r. We then have that
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gmT" = gi"tP = ¢1"gP = e. Furthermore, g9 = (g")? = e? = e so g = e. But since g has order r and
0 <p <r, it follows that p = 0. Hence m —n = ¢r and so m =n (mod 7). O

Exercise A2.9

Cosets define an equivalence relation between elements. Show that g;,g> € G are in the same coset of
H in G if and only if there exists some h € H such that g5 = g1 h.

Solution

Concepts Involved: Equivalence Relations, Cosets
In Exercise [A2.2] we showed that the relation ~ on a group G defined by g; ~ g2 iff g1 = gah for some
h € H was an equivalence relation. The equivalence classes of this equivalence relation were {gh|h € H}
i.e. precisely the left cosets of H in G. So, g1, g2 are in the same coset of H in G if and only if g1 = g2h
for some h € H, which is exactly what we wished to show. O

r
\

Exercise A2.10

How many cosets of H are there in G?

Solution

Concepts Involved: Equivalence Relations, Cosets
We observe that the map ¢, : H — [g] defined in the solution of Exercise is a map from H to a right
coset of H in G defined by g. Since we showed that this map was bijective, this shows that |H| = |Hyg|
for any g € G. Furthermore, since the cosets define an equivalence relation between elements of GG, the
cosets of H in G partition G. So, we conclude that there are |G|/|H| cosets of H in G, each of cardinality
|H|. O

r
\

Exercise A2.11: Characters

Prove the properties of characters given above.

Solution

Concepts Involved: Matrix Groups, Character (Trace)

Recall that the character of a matrix group G C M, is a function on the group defined by x(g) =
where tr is the trace function. It has the properties that (1) x(I) = n, (2) |x(g9)| < n, (3) |x(9)
implies g = €I, (4) x is constant on any given conjugacy class of G, (5) x(g~') = x*(g) and (6) x(9)
is an algebraic number for all g.

The six properties are proven below.
(1) x(I) =tr(I) = 22:1 1=n.

(2) Let g € G. Since G is finite, by Exercise it follows that g has order r such that g" = I. So,
g may be diagonalized with roots of unity e2™%/" j {0,1,...,7 — 1} on the diagonal. We then

118



find using the triangle inequality that:

n m

Ix(9)] = [tr(g)| = D 2™/7| < ‘eQ”ijk/’” =Y 1=n

k=1 k=1 A

S

which proves the claim.

(3) The (complex) triangle inequality |21 + 22| < |z1]| + |22| is saturated when z; = kzo for some k > 0.
This can only occur in the above equation when every )\; in the sum is identical (as distinct roots
of unity are not related by a non-negative constant). If the A;s are identical, then g is diagonal with
diagonal entries of unit modulus, so g = €I as claimed.

(4) Let G, = {g'zglg € G} be the conjugacy class of z in G. We then have for any h € G, that
x(h) = x(g7tzg) = tr(97 wg) = tr(zgg™") = tr(zl) = tr(x), using the cyclicity of the trace. We
conclude that x is constant on the conjugacy class.

(5) By the same argument as (2), g € G can be diagonalized with roots of unity ¢2™/" on the diagonal:

627rij1/7"
e??rijg/r
g =
o2mijn /T
It then follows that g~ ! is:
e—27rij1/7‘
e—27r'ij2/r
g ' =
o—2min/r
So we have that:
n n n *
x(g™h) = tr(g7h) = Do eI = Y = | e ) = (tx(g))” = X7 (o).
j=1 j=1 j=1

which proves the claim.

(6) x(g) is the sum of r-th roots of unity, which are algebraic; hence x(g) is algebraic as the sum of
algebraic numbers.

O

Exercise A2.12: Unitary matrix groups

(¥) A unitary matrix group is comprised solely of unitary matrices (those who which satisfy UTU = I).
Show that every matrix group is equivalent to a unitary matrix group. If a representation of a group
consists entirely of unitary matrices, we may refer to it as being a unitary representation.
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Concepts Involved: Matrix Groups, Character (Trace), Equivalence, Unitary Operators.
Recall that two groups are equivalent if they are isomorphic (i.e. there is a bijection between the groups
that respects the group multiplication) and the isomorphic element have the same character.

Let G = {A1,... A,} be a finite matrix group. Then define

A= i AlA;.
i=1

By Ex. [2.25] each term of the above sum is positive, and by Ex. [2.24] each term is Hermitian. The sum
of Hermitian operators is Hermitian, so A is Hermitian. By Ex. [2.21] A is diagonalizable. Let U be the
unitary matrix that diagonalizes A. We then have that D is a diagonal matrix, with:

D =UAU".

Let D'/? be the matrix obtained by taking the square root of the diagonal entries of D. Then define
T = D'/2U. We then claim that Gy = {V4,...V,} is a unitary matrix group equivalent to G, where:

V; = TAT™ L.

We have three points to verify; (i) That the Vs are unitary, (ii) That ¢ : G — G,, defined by ©(A;) =
TA;T~! =V; is an isomorphism, and (iii) that the characters of A; and V; are equivalent.

(i) For any V;, we have:

ViV, = (AT YN TAT™)

(DY2UAUT DY) (DY2U A,Uut D1/?)
(D~Y2UAlUTDY?)(DY2U A, UTD™Y/?)
(D~Y2UATUND(UAUTD™Y/?)
(D~YV2UATUNY (U AU (UAUTD™Y/?)
(D~Y2UANA(AIUTD=1/?)

= (D2UA]) | Y AlA; | (A4UTDTY?)
j=1

=D7'2U | Y (4;4)1(4;4;) | UTD™'/2
j=1

=D72U | Y AfA, |UTDT/?
k=1

= D~ Y2y AUt D—1/?
— D—I/ZDD—I/Q
=1
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Where in the sixth equality we use the unitarity of U, and in the ninth equality we use that A;4; = A
iterates over all the group elements as A; iterates over all the group elements. To see that this
is the case, it suffices to show that the map v¢; : M, — M, defined by ¥;(A;) = Aj;A,; is
a bijection. To see that it is injective, suppose that v;(A4;,) = v;(A4;,). Then it follows that
Aj, A; = Aj, A, and multiplying on the left by A7 " (which exists) we find that A;, = A;,. To
see that it is surjective, suppose that A;; € M,. Then, there exists Aj’Ai_l € M, such that
wi(Aj/Ai_l) = Aj/Ai_lAi = Aj. We conclude that 1; is bijective.

ii) Firstly, © is a homomorphism as for any A;, A; we have:
(i) Y, @ P y Ai, Aj

Next, ¢ is surjective by construction. Finally, it is injective; suppose that V; = V. Then we have
that:

TAT ' =TA;T!

And multiplying both sides on the left by 7! on the left and T on the right we find that A; = A;.
Hence we conclude that ¢ is a bijective homomorphism and hence an isomorphism.

(iii) This is immediate from the cyclicity of the trace:
(Vi) = tr (TAiT‘l) = tr (T‘lTAi) = tr(4;) = x(4).

The claim is therefore proven. O

Exercise A2.13

Show that every irreducible Abelian matrix group is one dimensional.

Exercise A2.14

Show that if p is an irreducible representation of G, then |G|/d, is an integer.

Exercise A2.15

Using the Fundamental Theorem, prove that characters are orthogonal, that is:

T

* . * G
308 X =[G and 30X = 2L,

i=1 p=1

where p, g, and d,, have the same meaning as in the theorem and x? is the value the character of the
pth irreducible representation takes on the ith conjugacy class of G and r; is the size of the ith conjugacy
class of G and r; is the size of the ith conjugacy class.
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Exercise A2.16

S3 is the group of permutations of three elements. Suppose we order these as mapping 123 to:
123;231;312;213;132, and 321, respectively. Show that there exist two one-dimensional irreducible repre-
sentations of S3, one of which is trivial, and the other of which is 1,1,1,-1,-1,-1, corresponding in order to
the six permutations given earlier. Also show that there exists a two dimensional irreducible representation,

1 0 1 11 -1 V3
0 1|7 2[v3 -1 21-v3 1|’
-1 0 111 V3 1 -3
0 1|’ 2|v3 -1’

-3 1
Verify that the representations are orthogonal.

with the matrices

1
2

Exercise A2.17

Prove that the regular representation is faithful.

Exercise A2.18

Show that the character of the regular representation is zero except on the representation of the identity
element, for which x(I) = |G|.

Exercise A2.19

Use Theorem A2.5 to show that the regular representation contains d,» instances of each irreducible
representation pP. Thus, if R denotes the regular representation, and G denotes the set of all inequivalent
irreducible representations, then:

XzR = Z dpX{

peG

Exercise A2.20

The character of the regular representation is zero except for the conjugacy class ¢ containing e, the
identity element in G. Show, therefore, that

> dpx"(g) = Nége.
pEG

Exercise A2.21

Show that - s d7 = |G|.

Exercise A2.22

Substitute (A2.10) into (A2.9) and prove that f(p) is obtained.
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Exercise A2.23

Let us represent an Abelian group G by g € [0, N — 1], with addition as the group operation, and define
pn(g) = exp[—2migh/N]| at the h representation of g. This representation is one-dimensional, so d,, = 1.
Show that the Fourier transform relations for G are

\/>

Exercise A2.24

Using the results of Exercise A2.16, construct the Fourier transform over S35 and express it as a 6x6 unitary

1 N-1 1 N—
_ Z f(g —2migh/N and f Z Zﬁigh/N
\/N g=0 g=0

matrix.
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