A BEGINNER’S GUIDE TO MAJORANA FERMIONS
PHYS 366 FINAL PRESENTATION

Rio WEIL

DEPARTMENT OF PHYsICS, UNIVERSITY OF CHICAGO

MARCH 11, 2025



OUTLINE

1. Historical background from particle physics
2. Majorana Fermions in Condensed Matter Systems
3. Quantum Computing with Majoranas

4. Experimental realization attempts




THE MYSTERIOUS DISSAPEARANCE OF MAJORANA

TEORIA SIMMETRICA DELL’ ELETTRONE
E DEL POSITRONE

Nota di ETTORE MAJORANA

Sunto. - Si dimosira la possibilita di pervenire o una piena simmetrizza-
zione formale della teoria quantistica dell’elettrone e del positrome fa-
cendo uso di um nuovo processo di quamtizzazione. Il significato delle
equazioni di DIRAC ne risulia alquanto modificato ¢ non wvi & pits luogo
a parlare di stati di emergia negativa; né a presumere per ogni altro
tipo di particelle, particolarmente neutre, Vesistenza di « antiparticelle »
corrispondents ai « vuoti » di emergia megativa.

Image Credit: Mondadori Collection




MAJORANA’S INSIGHT - REAL SOLUTIONS

Solutions to the Dirac equation:

(iv" Oy —m)¥ =0 (1)
Take the form: ' '
U(z) = Z ape Plop(z) + Z biEe*’EtCI)E(a;) (2)
E>0 E<0
particles anti-particles
Charge conjugation symmetry:
O_p(z) = (z) = CP*(x) (3)

Enforcing ¥¢(z) = U(z) (reality) - Majorana fermion! - with by = ag.




MAJORANAS IN NATURE?

v = U? Active research question.




MEAN-FIELD HAMILTONIAN OF SUPERCONDUCTOR

Minimal model:

H= /ddr[hggl(r)cgrcglr —Vngengy]

kinetic attraction

Self-consistent mean-field decoupling:

Tt

—ngny R <C$CDCTC¢ + cieferey) — <C$Ci><CTC¢>

to get:
HBdG = /dd’r' |:th’ (r)C;‘;rCo-/r + (A(I‘)CirCIr
with (spatially varying) SC order parameter:

A(r) = V{epeys)

the)] - %\A(r)|2

(4)

(5)



MAJORANAS DESCRIBE GENERIC SUPERCONDUCTORS

Defining Nambu spinor and h:

Cir
I I A TN _ [ ho(r) A(r)
Ve = CL. _<i0y¢:>, thG(r)_(A*(r) —o¥hi(r)oY
T
—cl,

we get:

1
Hgyc = /ddr [‘I’ithG(r)‘I’r — VA(T)F}

with Majorana(!!) fermion:

(W} = VoV = 0,

So superconductors admit natural description in terms of Majoranas. Also....

m AL = 2 and cfcf operators
m C-symmetry =~ screening/confining E/H-fields
m Bogoliobov transformations ~ Majorana transformations

)

(10)



LOOKING CLOSER - MAJORANA FERMIONS AS “HALF” OF ELECTRONS

CJ‘/C; Y25-1 V25
e <—~ @ )
Re(c) Im(c)

Fermions/electrons with (anti)-canonical commutation relations:
{chey ={ee} =0, {d, ¢} =8y

Majorana operators:
Yot = ch+ciy a5 —ilel — &)

with algebra:

(15} = 2655, |9 =

(11)

(12)

(13)



DEFINING MAJORANA ZERO MODES

If v obeys:
[H,7] =0

~s have zero energy:

H|E) = E|E) = H(im2|E)) = (imy2)H|E) = E(in172|E))

(Note, more physically):

[H, 7] ~ e~/

(14)

(15)

(16)



KiTAEV’sS Toy MODEL - HAMILTONIAN

Concrete Model: L spinless(!) fermions in 1-D:

1
H = Z ccj+1+hc) ,u(c;cj—? (Acc+1+hc) (17)
\—v—’
hopping single-site superconductor

In terms of 2. Majoranas:

1
H =2 [—mi-172 + (E+ [ADv22i41 + (—t + A2 172541] (18)
J

2




KIiTAEV’s Toy MODEL - TRIVIAL POINT (|A| =t = 0)

Y2 Y3 V4 Y5 V6 V2L—57Y2L—47Y2L—-37Y2L—272L—1 V2L
oo oo o0 - (o0 o060 o o

: L
? 1
H=5(-p) E Yaj-1Y25 = —1h D <C}L'Cj - 2) (19)
J

Just L non-interacting electrons; nothing to see here.




KiTAEV’s Toy MODEL - TOPOLOGICAL POINT (|A| =t > 0, u = 0)

712 Y3 V4 75 Ve Y2L—57Y2L—47Y2L—3Y2L—27Y2L—1 V2L
oo e/ o0 - e/ o0 oo

= ZtZ’YQﬂQ]H =2t Z <C :Cj — > (20)

Y1, Y21 are MZMs - we get zero energy excitations at the edge!




KiTAEV’S Toy MODEL - PHASE DIAGRAM

Spectrum:

ex(q) = i\/(2tcosq+u)2+4\A|QSin2q (21)

Kitaev nanowire excitation spectrum
A=u=1

trivial - topological

-3 -2 -1 0 1 2 3 1% 2"”

BUT - unrealistic - spinless (electrons have spin!) and long-range ordered (Mermin-Wagner)




How DO WE REALISTICALLY REALIZING MAJORANAS? - REALISTIC 1D SYSTEM

7 1D wire
|{_ —)
X

S-wave superconductor

H = Hyire + Ha (22)
Hyire = Z/dxwi, —8—% — pu+iac?0p + ho® | Yy (23)
Ha = [ do(@ufu] + A'ry) (21)

Image Credit: J. Alicea 2012 Rep.Prog.Phys. 75 076501



SPIN-ORBIT, ZEEMAN, AND PROXIMITY TO THE RESCUE

T(_’F’C"O‘ sswavesC ¥ P
il 71 V3 V4 V2
e T
|1 D wire I
Trivial [ WA

1. Two parabolas due to + spin-couplings (blue/red); i then breaks the symmetry, creating
the gap (black) - wire then appears spinless(!).

2. Superconducting proximity effect allows for lower-band electrons to p-wave pair, driving
state to long-ranged(!) topological superconductor, so long as:

h > /A% + 2 (25)
Image Credit: J. Alicea 2012 Rep.Prog.Phys. 75 076501




OTHER ROADS TO MAJORANA ZERO MODES

Other 1D realizations:
m Edges of 2D topological insulators
m Wires of 3D topological insulators
2D:

Spinless p + ip spinless superconductors
m FQH states

m Intrinsic p + ip superconductivity

3D topological insulators




THE HUNT FOR MAJORANAS IN D, + ’i])y INTRINSIC SUPERCONDUCTORS

>0
topological

pn<0
trivial

V2 A
H = /d%« Pl <—2 = u) W+ — [ (9 +10y) ¢ + h.c] (26)
m 2 ~—
Pz +ipypairing

m Candidate: SroRuOy (Intrinsic p 4 ip), hosts vortices (Majorana binding sites).

2
m Complications; p, & ip, degeneracy, Eyortex ~ % ~ mK

Image Credit: J. Alicea 2012 Rep.Prog.Phys. 75 076501



WHY DO WE CARE? - MZMSs AS QUBITS

MZMs v1,72,73, V4 - - - Y2N—1, Yon Yields exponential GSD

A

=== === === Eex

|GS), i7172|GS), i374|GS), (i7172) (i1172)|GS), - - - 7
fF - -~ -~"~~""f"7"F"7"*~"""""""*""""""""""""""""""""""""7"7"7 7~ - - - - - ----=-=-=-=-" gS

m Topologically protected encoding into eigenstates of n; = %(1 + iy25—172;)-

m Topologically protected evolution via braiding.



A QUICK PRIMER ON ANYONS

time

A . . . t1
s

T~

m 3D: 112, = 1 = bosons, fermions.

m 2D: “Anyons” with nontrivial exchange statistics.

Image credit: S. Burton, arXiv:1610.05384v1




EXCHANGE STATISTICS OF MZMs

A —s €A results in ¢, — €%/2¢, and CL — e*i“b/Qle. So for ¢ = 27, v — —~.
“Cut” picture for exchange Tj;:

\\\ \\\ \\\ \\\ \\:}/Z‘ \\\
[ o o o
Vi
Yi = =Y % Ve Yk Tk (27)
Or as an operator:
1
Ti = ﬁ(l +75%) (28)




BRAIDING MZMS - 2-QUBIT EXAMPLE

il Y2
[ ]

® a
T12
T3
o [ )
73 V4 b

Basis states |ng, np) with n, = %(1 + iv172) and np = %(1 + iY37Y4).

Tlg‘na, nb> =S ei%(l—?na) |na, nb) (29)
1
Ti1|nq, ) = ﬁ“”av”@ + (=1)"1 4+ ng, 1 4 ny)] (30)

Takeaway:
m Braiding = topologically protected gateset.

m Note: Uppase = diag(1, e’2F?) (

unprotected) needed for universality.



EARLY EXPERIMENTS + SHORTCOMINGS
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m Peaking(V) = dV X Pwire-end €an indicate MZMs, with 26 quantization.
m Disorder is also an explanation - stronger signatures needed.

m Microsoft 2018 retraction.

Image credit: V. Mourik et. al, Science 2012




MICROSOFT 2021-2023 - A MORE ROBUST PROTOCOL?

m Topological Gap Protocol (2021) - measurement of Ay closing via non-local

conductance measurements Grr, Grr = %, %}Z.

m (2023) Reports on devices passing the protocol - though with some controversy, e.g. in
releasing parameters at publication, also a recent arXiv comment' suggests
inconsistencies.

'arXiv:2502.19560v1
Image credit: Microsoft, Phys Rev. B 107, 245423 (2023)




MICROSOFT 2025 - No MZMs... YET

a
B
2 1DTS
* O —%
A > HE
Dot 2

“The editorial team wishes to point out that the results in this manuscript do not represent
evidence for the presence of Majorana zero modes in the reported devices. The work is published
for introducing a device architecture that might enable fusion experiments using future Majorana

zero modes.”

Image credit: Microsoft, Nature 2025 + Press Release



TuTORIAL TAKEAWAYS

Original Conext + Importance in Particle theory
m Connection to superconductors
m MZMs in condensed matter systems

m How to harness MZMs for quantum computation

Experimental signatures and progress

Thanks for listening!
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